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New Inner and Outer Bounds for the Memoryless
Cognitive Interference Channel and
Some New Capacity Results

Stefano Rini, Daniela Tuninetti, and Natasha Devroye

Abstract—The cognitive interference channel is a two-user inter-
ference channel in which one transmitter is non-causally provided
with the message of the other transmitter. This channel model has
been extensively studied in the past years and capacity results have
been proved for certain classes of channels. This paper presents
new inner and outer bounds for the capacity region of the cognitive
interference channel, as well as new capacity results. Previously
proposed outer bounds are expressed in terms of auxiliary random
variables for which no cardinality constraint of their alphabet
is known. Consequently, it is not possible to evaluate such outer
bounds explicitly for a given channel. The outer bound derived
in this work is based on an idea originally devised by Sato for
channels without receiver cooperation and results in an outer
bound that does not contain auxiliary random variables, thus
allowing it to be more easily evaluated. The inner bound presented
in this work—which includes rate splitting, superposition coding,
a broadcast channel-like binning scheme and Gel’fand Pinsker
coding—is the largest known to date and is explicitly shown to
include all previously proposed achievable rate regions. The novel
inner and outer bounds are shown to coincide in certain cases.
In particular, capacity is proved for a class of channels in the
so-called “better cognitive decoding” regime, which includes the
regimes in which capacity was known. Finally, the capacity region
of the semi-deterministic cognitive interference channel, in which
the signal at the cognitive receiver is an arbitrary deterministic
function of the channel inputs, is established.

Index Terms—Achievable region, better cognitive decoding
regime, capacity, cognitive channel, cognitive interference channel,
inner bound, interference channel with degraded message sets,
outer bound, semi-deterministic channel.

1. INTRODUCTION

RESENTLY, the frequency spectrum is allocated to dif-
ferent entities by dividing it into licensed lots. Licensed
users have exclusive access to their licensed frequency lot or
band and cannot interfere with the users in neighboring lots.
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The constant increase of wireless services has led to a situa-
tion where new services have a difficult time obtaining spec-
trum licenses and thus cannot be accommodated without dis-
continuing, or revoking, the licenses of others. This situation
has been termed “spectrum gridlock” [4] and is viewed as one
of the factors in preventing the emergence of new services and
technologies by entities not already owning significant spectrum
licenses.

In recent years, several strategies for overcoming this spec-
trum gridlock have been proposed [4]. In particular, collabo-
ration among devices and adaptive transmission strategies are
envisioned to overcome this spectrum gridlock. That is, smart
devices may cooperate to share frequency, time and resources
to communicate more efficiently and effectively. The role of in-
formation theory in this scenario is to determine the ultimate
performance limits of such a collaborative network. Given the
complexity of this task in its fullest generality, researchers have
focussed on simple models with few idealized assumptions.

One of the most well studied and simplest collaborative
models is the cognitive interference channel. This channel
is similar to the classical two-user interference channel: two
senders wish to send information to two receivers. Each trans-
mitter has one intended receiver forming two transmitter-re-
ceiver pairs termed the primary and the secondary/cognitive
pairs/users. Concurrent transmission creates undesired inter-
ference at the receivers. This channel model differs from the
classical interference channel in the assumptions made about
the ability of the transmitters to collaborate: collaboration
among transmitters is modeled by the idealized assumption that
the secondary/cognitive transmitter has full a-priori/non-causal
knowledge of the primary message.!

A. Past Work

The cognitive interference channel was firstly posed from
an information theoretic perspective in [7], where the channel
was formally defined and the first achievable rate region was
obtained, demonstrating that a cognitive interference channel,
employing a form of asymmetric transmitter cooperation,
could achieve larger rate regions than the classical interference
channel. In [7], an outer bound for the Gaussian channel based
on the broadcast channel was also presented. Another outer
bound was derived in [6], together with the first capacity result
for a class of channels with “very weak interference” in which
(in Gaussian noise) treating interference at the primary receiver

I'This channel model has also been referred to as “unidirectional cooperation”
[5] and transmission with “degraded message sets” [6].
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as noise is optimal. The same achievable rate region of [6]
was simultaneously derived in [8], where the authors further
characterized the maximum rate the cognitive user can achieve
under the constraint that the primary user’s rate and mode of
operation is the same as when the cognitive user is not present.
Another capacity result was proved in [5] for channels with
“very strong interference,” where, without loss of optimality,
both receivers can decode both messages and the cognitive
channel reduces to a compound multiple access channel. The
capacity is also known for the case where the cognitive user is
required to decode both messages [9], both with and without
secrecy/confidentiality constraints.

For the general memoryless cognitive interference channel
the capacity region remains unknown. Tools such as rate-split-
ting, binning, and superposition coding have been used to derive
different achievable rate regions. The authors of [10] proposed
an achievable rate region that encompasses all the previously
proposed inner bounds and derived a new outer bound using an
argument originally devised for the broadcast channel in [11].
A further improvement of the inner bound of [10] is provided
in [12] where the authors include a new feature in the trans-
mission scheme allowing the cognitive transmitter to broadcast
part of the message of the primary pair. This broadcast strategy
is also encountered in the scheme derived in [13] for the broad-
cast channel with cognitive relays, which contains the cognitive
interference channel as special case.

B. Main Contributions and Paper Organization

In this paper, we establish a series of new results for the
general memoryless cognitive interference channel. Section II
introduces the basic definitions and notation and summarizes
known results including general inner bounds, outer bounds
and capacity in the “very weak interference” [6], [8] and “very
strong interference” [14] regimes.2 Our contributions start in
Section IIT and may be summarized as follows.

1) A new outer bound for the capacity region is presented
in Section III: this outer bound is looser than some previ-
ously derived outer bounds but it does not include auxiliary
random variables and thus it can be easily evaluated.

2) In Section IV, we present a new inner bound.

3) We show that the newly derived inner bound region encom-
passes all previously presented achievable rate regions in
Section V.

4) We derive the capacity region of the cognitive interfer-
ence channel in the “better cognitive decoding” regime in
Section VI. This regime includes the “very weak inter-
ference” [6], [8] and the “very strong interference” [14]
regimes and is thus the largest set of general memoryless
channels for which capacity is known.

2We note here that we are not entirely consistent with past uses of the terms
"strong/weak" interference. Our convention is to use "strong/weak" interfer-
ence to denote regimes inspired by similar results for the classical interference
channel. In particular, we denote by "strong/weak" interference a regime where
an outer bound derived for a general memoryless channel can be simplified
and/or tightened, and denote by "very strong/very weak" interference a regime
in which additional conditions are imposed on top of the "strong/weak" inter-
ference conditions to show capacity. Therefore, the "very strong/very weak"
interference regimes form subsets of the "strong/weak" interference regimes.
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5) Section VII focuses on the semi-deterministic cognitive in-
terference channel in which the output at the cognitive re-
ceiver is an arbitrary deterministic function of the channel
inputs. We determine capacity for this channel by showing
the achievability of the outer bound first derived in [6].

6) In Section VIII, we consider the deterministic cognitive in-
terference channel: in this case both channel outputs are ar-
bitrary deterministic functions of the inputs. This channel
is a subclass of the semi-deterministic channel. For this
channel we show the achievability of the outer bound pro-
posed in Section III, thus showing that our outer bound can
be tight.

7) The paper concludes with a couple of examples in
Section IX which provide insight on the role of cognition.
We consider two deterministic cognitive interference
channels and show the achievability of the outer bound
of Section III with zero-error transmission strategies over
one channel use (i.e., in which case the capacity region
coincides with the zero-error capacity region). The ca-
pacity achieving scheme in these channel models has the
interesting feature that the non-causal message knowledge
at the cognitive transmitter allows the primary user to
achieve a rate that is higher than in the absence of the
cognitive user, thus showing that cognition can benefit
both the cognitive pair and the primary pair.

Section X concludes the paper. Some of the proofs are collected
in the Appendix.

II. CHANNEL MODEL AND KNOWN RESULTS

A. Channel Model

A two-user InterFerence Channel (IFC) is a multi-terminal
network with two senders and two receivers. Each transmitter ¢
wishes to communicate a message W; to receiver ¢, i € [1 : 2].
In the classical IFC the two transmitters operate independently
and have no knowledge of each others’ message. Here we
consider a variation of this set up assuming that transmitter
1 (the cognitive transmitter), in addition to its own message
W1, also knows the message W5 of transmitter 2 (the pri-
mary transmitter). We refer to transmitter/receiver 1 as the
cognitive pair and to transmitter/receiver 2 as the primary
pair. This model, shown in Fig. 1, is termed the Cognitive
InterFerence Channel (CIFC) and is an idealized model for
unilateral transmitter cooperation. The Discrete Memoryless
CIFC (DM-CIFC) is a CIFC with finite cardinality input and
output alphabets and a memoryless channel described by the
transition probability py; v, x, x,- Achievable rate regions
will be derived for DM-CIFC; these regions may be extended
to continuous alphabets by standard arguments [15].

Transmitter 4, ¢ € [1 : 2], wishes to communicate a message
W;, uniformly distributed on [1 : 2V %], to receiveriin N € N
channel uses at rate ?; € R,. The two messages are indepen-
dent. A rate pair (R1, Ry) is said to be achievable if there exists
a sequence of encoding functions

XP =X (Wi, Wa), X3 = X3 (Wa)
and a sequence of decoding functions

W, =Wi(YY), iell:2]
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Cognitive user
Wi XY (Wh, Wa) YN Wi
Tx 1 Rx 1

Py1,Y3|X1,X>

Tx 2 Rx 21—
Wa X3 (W2) v W,
Primary user

Fig. 1. General two-user Cognitive InterFerence Channel (CIFC) considered
in this work.

such that

lim max Pr [WZ # Wz] =0.
N — oo ig[1:2]
The capacity region is the convex closure of the region of all
achievable (R;, R2)-pairs [15]. Since the receivers do not co-
operate, the capacity of the CIFC only depends on the marginal
conditional distributions py, |x, x, = ZYQ PY:,Ya| X, X, and
Pys|X1,Xs = ZYI Py, v2| Xy, X,

We next summarize existing inner bounds, outer bounds and
capacity results available for the general CIFC.

B. Known Inner Bounds

The rate regions in [12, Th. 2], [16, Th. 1], and [13, Th. 4.1]
are achievable but it is not known whether any of them contains
all the others. We will propose a new achievable rate region that
provably includes them all. Note that the region in [12, Th. 2] is
known to contain those in [10, Th. 1] and [17].

C. Known Outer Bounds

The tightest known outer bound for the capacity region of
the general CIFC is given in [10, Th. 4]. This outer bound is de-
rived using an argument originally devised in [11] for the “more
capable” Broadcast Channel (BC) and contains three auxiliary
Random Variables (RVs). Since we will not be using the outer
bound in [10, Th. 4] in this work, we do not report it for sake of
space.

The first outer bound for the general CIFC was obtained in
[6, Th. 3.2]; the proof was also inspired by the converse of the
BC [18] and contains one auxiliary RV.

Theorem 1. Outer Bound of [6, Th. 3.2]: If (Ry, R2) lies in
the capacity region of the CIFC then

Ri <I(X1;Y1]Xa), (1a)
Ry <I(X2,U;Y2), (1b)
R1+R2 SI(XQU,Y2)+I(X1/Y1|X27U) (10)

for some input distribution py, x,, x, -
The outer bound in Theorem 1 can be simplified in two in-
stances called “weak interference” and “strong interference”.

Corollary 2. “Weak Interference” Outer Bound of [6, Prop.
3.4]: When the following condition is satisfied:

I(U;Y5|X5) < I(U; Y1|X3)  Vpux, x. ()
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the outer bound in Theorem 1 can be expressed as

R1 SI(Yl,XﬂU, Xz),
Ry <1(U, X2;Y2)

(3a)
(3b)
for some input distribution py, x,, x, -

In this work, the condition in (2) is referred to as the “weak
interference” condition.

Corollary 3. “Strong Interference” Outer Bound of [14, Th.
5]: When the following condition is satisfied:

I(X1; Y1 Xo) < I(X1; Y| X2)  Vpx, x, 4)
the outer bound in Theorem 1 can be expressed as

Rl SI(Yl;X1|X2),
Ry + Ry <1(Y2; X1, X0)

(5a)
(5b)

for some input distribution py, x,, x, -
In this work, we refer to the condition in (4) as the “strong
interference” condition.

D. Known Capacity Results

The outer bound of Theorem 1 may be shown to be achievable
in a subset of the “weak interference” (2) and of the “strong
interference” (4) regimes.

Theorem 4. “Very Weak Interference” Capacity of [6, Th. 3.4]
and [8, Th. 4.1] : The outer bound of Theorem 1, expressed as
in Corollary 2, is the capacity region if for all py7 x, x,

I(U,Y2|X2) SI(U,Y1|X2)
I(XQ,YQ) SI(XQ,Yl)

(6a)
(6b)

In this work, we refer to the pair of conditions in (6) as
“very weak interference”. In this regime capacity is achieved
by having the primary encoder (user 2) transmit as in a
point-to-point channel and the secondary encoder (user 1)
perform Gel’fand—Pinsker binning against the interference
created by primary encoder (user 2).

Theorem 5. “Very Strong Interference” Capacity of [14, Th.
5]: The outer bound of Theorem 1, expressed as in Corollary 3,
is the capacity region if for all px, x,

I(X1;Y1]X2) < 1(X1; Y| X2),
I(Ys; X1, Xo) <I(Y1; X1, Xo).

(7)
(7b)

In this work, we refer to the pair of conditions in (7) as “very
strong interference.” In this regime, capacity is achieved by
having both receivers decode both messages as in a compound
Multiple Access Channel (MAC).

III. A NEw OUTER BOUND

The outer bound in Theorem 1 cannot be evaluated in general
since it includes an auxiliary RV whose cardinality has not yet
been bounded. In the following we thus propose a new outer
bound, looser in general than Theorem 1, but without auxiliary
RVs. This new bound can be easily evaluated and it is tight for
some channels, as we shall show in the following sections.
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Theorem 6. New Outer Bound: If (Ry, Ry) lies in the ca-
pacity region of the general CIFC then

Ry <I(Y1; X1]|X2), (8a)
Ry <I(X1,X2;Y3), (8b)
Ry + Ry <I(X1,X9;Ys) + I(Y1; X1]Y5,X2)  (8¢)

for some distribution px, x, and where the joint conditional
distribution Pyy,y]|X,,X, can be chosen so as to tighten the
sum-rate bound as long as Y3 has the same conditional marginal
distribution as Y5, i.e., PY]IX1,Xs = DPYa] X1, Xs-

Proof: The proof may be found in Appendix A. The idea
behind this outer bound is to exploit the fact that the capacity
region only depends on the conditional marginal distributions
because the receivers do not cooperate [19]. |

Remark 1: The outer bound in Theorem 6 contains the outer
bound in Theorem 1. Indeed, for a fixed distribution px, x,, the
bounds on R; are the same ((1a) = (8a)). For the bound on R»
we have I(X27 U; YQ) S I(X27 Xl, U; YQ) = I()(l7 XQ; YQ)
(which implies (1b) < (8b)) because of the Markov chain U —
X1, X9 — Y7, Y5, For the sum-rate

(Ic) =1(X2,U; Ya) + I(X1; V1| X5, U)

(a)

< I(X9,U;Ys) + I(X1;Y1,Y5|X0,U)
=H(Y>) — H(Y3|X>,U, X1)

+H(Y1|X27 U7 YZI) - H(Y1|X27U7 X17Y2I)

(b)
SI(YZ;X27X1) + I(Yl,X1|X2,YQI) = (SC)

where (a) holds with equality if and only if
I(X1;Y4|X2,U, Y1) = 0 and (b) holds with equality if
and only if I(Y7;U|X2,Yy) = 0. We currently cannot relate
these equality conditions to any specific class of CIFC.

Remark 2: The outer bound in Theorem 6 reduces to the
“strong interference” outer bound in Corollary 3 when the con-
dition in (4) holds; in fact the condition in (4) implies the con-
dition in (5) as follows:

0<I(Yy; X1 Yy, Xo) <I(Yo; Xu|Yy, Xo) Vox, xu,v7-

Now with Yy = Y, the above inequality implies
I(Y1; X1]Y2, X2) = 0 thus yielding (8c) = (8b). Hence, with
(8b) being redundant, the region in (8) coincides with the
region in (5).

IV. A NEwW INNER BOUND

As the CIFC encompasses classical interference and broad-
cast channels, we expect to see a combination of their achiev-
ability proving techniques surface in any unified scheme for the
CIFC. Our achievability scheme employs the following classical
techniques.

* Rate-splitting: As in the Han and Kobayashi’s scheme for
the classical IFC [20], also employed in [7], [10], [17].
While rate-splitting may be useful in general, is not neces-
sary in the “very weak” [6] and “very strong interference”
[5] regimes of (6) and (7), respectively.
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¢ Superposition-coding: Capacity achieving for “more
capable” BC [18], in the CIFC the superposition of
primary messages on top of cognitive ones, as in [10],
[17], is known to be capacity achieving in “very strong
interference.”

* Binning: Gel’fand-Pinsker coding [21], often simply re-
ferred to as binning, allows a transmitter to “pre-cancel”
(portions of) the interference known to be experienced at a
receiver. Binning is also used by Marton [22] in deriving
the largest known achievable rate region for the general
memoryless BC.

¢ Simultaneous decoding: Useful in MACs, BCs, classical
IFCs and used in all known achievable rate regions for the
CIFC, a receiver jointly decodes its intended private and
common messages and the common message from the in-
terfering user.

We now present a new achievable rate region for the CIFC
which generalizes all the known achievable rate regions pre-
sented in [6], [10], [12], [16], [17] and [13]. In Section V we
will show that this achievable rate region, despite being built
upon similar encoding schemes, generalizes and includes all
other known achievable rate regions. The intuitive reason be-
hind this inclusion lies in the structure of our encoder consisting
of joint binning (rather than sequential as in some of the other
regions), the full generality of our input distributions (lacking in
some of the other known regions) and the presence of a broad-
cast channel like scheme at the cognitive transmitter (also noted
in the region of [12]) and a slightly different rate-split than pre-
vious work. We note however that we do not claim strict con-
tainment of any of the previously proposed rate regions.

Theorem 7. New Inner Bound (Region Rrrp): A non-nega-
tive rate pair (Ry, Ry) such that

Ri =Ry + Ripe, (92)
Ry =Ry, + R2pa + R2pb (9b)
is achievable for the CIFC if
(Rllc'/ llpln /2pb7 le Rl]’bv R267 R2pa7 Rzpb) € Ri—
satisfies the inequalities in (11) some input distribution
PUc,Usc,Uzpa,Utps,Uzpp,X1,X2- (10)

Moreover the following rate-bound can be dropped (see
(11a)—(11k) at the bottom of the next page).

* Equation (11d) when Ry. = Rop, = Ropp = R/2pb = 0.

* Equation (11e) when Rapq = Rapy, = Ry, = 0.

* Equation (11g) when Rop, = R), = 0.

* Equation (11i) when R1. = R}, = Rip = R’lpb =0,
since they correspond to the event that a non-intended common
message is incorrectly decoded when no other intended message
is incorrectly decoded.

Proof: The meaning of the RVs in Theorem 7 is as follows.
Both transmitters perform superposition of two codewords: a
common one (to be decoded at both decoders) and a private one
(to be decoded at the intended decoder only). In particular:

* Rate R; is split into [21. and Ry, and conveyed through

the RVs Uy and Uy, respectively.
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Rate I2 is split into Ra., Rap, and Ry, and conveyed
through the RVs Us., X5 and Usyy, respectively.
Us,. is the common message of transmitter 2 with rate Ro...
The subscript “c” stands for “common.”
X, is the private message of transmitter 2 to be sent by
transmitter 2 superimposed to Us. and with rate I25,,,. The
subscript “p” stands for “private” and the subscript “a”
stands for “alone.”
Ui is the common message of transmitter 1. It is superim-
posed to Uy, and—conditioned on Us.—is binned against
Xo.
Uipy and Uspy are the private messages of transmitter 1
and transmitter 2, respectively and are sent by transmitter
1 only. They are binned against one another conditioned on
U,., as in Marton’s achievable rate region for the broadcast
channel [22]. The subscript “b” stands for “broadcast.”
X is finally superimposed to all the previous RVs and
transmitted over the channel.
A graphical representation of the encoding scheme of Theorem
7 can be found in Fig. 2. Each box in the figure represents ei-
ther an auxiliary RV or an input RV, which convey their appro-
priate messages. Primary and cognitive RVs are in blue squares
and green rhomboids, respectively. A solid/dashed line from
a RV U; to a RV Uj indicates that the RV Uj; is superposed
onto/binned against the RV Uj;. Given the non-causal message
knowledge at the cognitive transmitter, the cognitive RVs can
be binned against primary RVs but not vice-versa. Furthermore,
a RV may not be binned against a RV over which it is super-
posed. In the achievable scheme of Theorem 7, X is obtained
as a function of all other RVs and it is not indicated in Fig. 2.
Rate Splitting: Let wy and ws be two independent RVs
uniformly distributed on [1 : 2"%1] and [1 : 2"F2], respectively.

Consider splitting the messages, as follows:
Wl = (W107 Wlpb)7 W2 = (W207 W2pb7 W2pa)
where the (sub)messages w; are independent and uniformly dis-

tributed on [1 : 2"%] j € {1c,2c, 1pb,2pb, 2pa}, so that the
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U2c

&

-

Fig. 2. Codebook generation for the encoding scheme in Th. 7. The RVs car-
rying a primary message are placed is blue squares while the RVs carrying a
cognitive message are in green rhomboids. Lines connecting the different RVs
specify encoding operations: solid lines indicate superposition coding while
dashed lines indicate Gel fand—Pinsker binning. The RVs carrying a private
message, Uiy, X2, Usps, are superimposed onto the RVs carrying a common
message, Uy ., Uz.. Similarly, the RVs carrying a cognitive message, Uy ., Uy s,
are superimposed onto the RV carrying primary common message Us>. and
binned against the primary private messages X'», U, ;. Finally the cognitive
private RV Uy, and the primary private RV Us,,;, are binned against each other
as in the Marton’s scheme for the broadcast channel.

Codebook Generation: Consider a distribution in (10). The
codebooks are generated as follows:

* Select uniformly at random 2VF2c length-N sequences
UN(w2.), wa. € [1 2NRze] from the typical set
TEN(pU2c)'

 For every wa. € [1 : , select uniformly at random
2N Rzpa Jength-N sequences X3 (w2e, Wapa ), Wapa € [1 :
2N R2pa] from the typical set TN (px, v,. U (wac)).

* For every wy. € [1 : oN RZC], select uniformly at random
oN(Ric+R)  Jength-N  sequences UL (wae, wie, bo),
wi. € [1: 28] and by € [1 : 2VFie], from the typical
set TV (pu,.vs. [Uze (w2c))

e For every wa. € [l : 2NF2c] wy,, € [1 @ 2NF2pa],
wie € [I : 2NFic]and by € [1 : 2NFic], select
uniformly at random 27V (Rapy+Royp) length-N  se-

2NR2C]

rates satisfy (9). quences Ugb (Wae, Wapa, Wie, bo, Waps, b2),  wWaps €
=1(Uye; X2|Us) (11a)

1o+ Rlpb I(Upy; X2|Use, Use) + 1(Ure; X2|Use) (11b)

e + Ripy + Ry > T(Unpe; X2, Unpp|Use, Use) + T(Use; X2|Use) (ITc)

Roc + Ropa + (Ric + R.) 4 (Ropy + Ry) < I(Ya; Uspy, Ure, Xo, Use) + 1(Use; X2|Use) (11d)
Ropa 4 (Ric + Ry,.) + (Ropy + Ryp) < I1(Yo; Uapy, Use, Xo|Uae) 4+ 1(Ure; X2|Use) (11e)

Rapa + (Raps + Ryy) < I(Ya; Unpy, Xo|Use, Use) + I(Use; Xo|Use) (11£)

(Ric+ Ry.) + (Rop + Rbyp) <T(Ya; Uzp, Ure| X2, Uze) + I(Use; X2|Use) (11g)

(Rops + Ropp) <I(Ya; Uspy|Ure, Xo, Use) (11h)

Roc + (Ric + Ry.) + (Rupy + Riyy) < I(Y13Uipy, Ue, Uae) (11i)

(Ric+ Ry.) + (Ripy + Riyy) <T(Y15 Uiy, Ure|Use) (11j)

(Riph + Riy) <I(Yi; Uiy |Use, Uae) (11k)
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[1 : 2NRew] and by € [1 : 2N%2m), from the typ-
ical set TeN (er2pb1U2cyUlc-,X2 |U2Acr (w26>7 Xév (w267 ’w2pa>,
U:{\CT,(UJ?(‘; Wie, bO))

* For every ws € [1: 2V Hze] wye € [1: 2V e] and by €
[1 : 2NBi]; select uniformly at random 27 (firo+R1,0)
length-N sequences Uﬁb(wgwwlc,bo,wlpmbl), Wipp €
[1:2NFiwe] and by € [1 : 2VFr], from the typical set
TEN(pUlpbyU2cyU1c UQJ\cr(wZC)T: Ulj\cr(w%: Wie, bO))

* For every wa, € [1 : 2NF2e] ., € [1 :

2NR2pa]’

wie € [1 : 2NFie] by € [1 : 2NR’1c], wipy, € [1 :
2NRue] b€ [1: 2NFim] gy, € 1 : 2NRen])
by € [1 : 2VFa] select a length-N channel input

va(wgm, W2e, W1, b(), W1ph, bl, Waph, bz) from the typ-

ical set TEN (le7U2cyU1ch21U2pbaU1pb |Ué\cr(w20)7

XN (w2, wapa), U (woe, wie, bo), Ué\;b(w2c;w2pa;wlc7

bo, Wap, b2), ULy (wae, Wic, bo, wips, b1)).

Encoding: Given wy = (Wae, Wapp, Wopa), encoder 2
sends the codeword XJ'(w2.,wsp,) (notice that encoder 2
does not send wopy).

Given wo = (Wae, Waph, Wape) and w1 = (Wi, Wips), €N-
coder 1 looks for a triplet (bo, b1, b2) such that

(Ué\cr(’wzc)7 Xév(w207 w2pa)7 Ulj\g (w267 Wie, bU)

ULy (wae, wic, bo, Wips, b1), Usyy (wae, wic, bo, waps, b2))

?

]\7
€ Te (pU207X27U157U1pb1U2pb)'

If more than one such triplet exists, it picks one uniformly at
random from the found ones. If no such triplet exists, it sets
(bo,b1,b2) = (1,1,1); in this case we say that an encoding
error occurred. For the selected (b, b1,b2), encoder 1 sends
XN (wapa, wae, Wie, bo, Wips, b1, Waps, ba).

Decoding: Decoder 2 looks for a unique
(Wac, Wapq, Wapy) and some (w1, bo, b2) such that

tuple

(UZJ\J(UJZC)? Xév(w%? ’U)2p,1,)-, Ulj\cr(w%: Wie, b0)7

Uzjj;b (w%: Wie, b07 W2pb b2)7 YQN) € TeN(pUzp,XQ,Uu,Uzpb,Y2)'

If none or more than one such triplet (wa, Wapa, Waps) eXist,
decoder 2 sets (wae, Wapa, wops) = (1, 1, 1); in this case we say
that a decoding error occurred.

Decoder 1 looks for a unique pair (wic,w1ps) and some
(wae., bo, b1 ) such that

(U2]\£ (w26)7Uﬁ:f (chvwlc 7b0) 7Uﬁ;b (wZC 7wlcvb0 yWipb 7b1 ) 7Y1N)

€ TF]V(pU2v7U1vsU1pbsY1 )

If none or more than one such pair (w1, wipp) exist, decoder 1
sets (wie, wips) = (1,1); in this case we say that a decoding
error occurred.

Error Analysis: The detailed error analysis is found in
Appendix B. In particular: the probability of encoding error
goes to zero if conditions (11a)—(11c) hold; the probability
of error at decoder 2 goes to zero if conditions (11d)—(11h)
hold; and the probability of error at decoder 1 goes to zero if
conditions (11i)—(11k) hold. [ ]
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Remark 3 (Two Step Binning): It is also possible to perform
binning at encoder 1 in a sequential manner, similarly to [23],
as follows. First, First, U; . is binned against X, conditioned on
Usc; then, Uy, and Uy, are binned against each other condi-
tioned on (Ui, Us., X2). With respect to the encoding opera-
tion of Theorem 7, this affects the achievable rate region as fol-
lows.

Given the message wo = (wa., Wapb, Wap,) and the message
w1 = (w1e, Wips), encoder 1 looks for a by such that

(Uzji(w20)7 Xév("UZw w2pa)7 U{\CT(U)Z& wie, bp))

€ TFJV(pUQCaXZ;Ulc)'

If more than one such by exists, it picks one uniformly at
random. If no such bq exists, it sets by = 1; in this case an error
occurred. For the selected by, encoder 1 looks for a pair (b1, b2)
such that

(U2]X(w26)7 Xév(MZCv w2pd)7 Ulj\g(w2c7 Wic, bU)v
ULy (wae, wic, bo, wips, b1), Uspy (Wae, wic, b, wapy, ba))

]\7
€ Te (pU267X27U1c7U1pI)7U2pb )

If more than one such (by,by) exists, it picks one uni-
formly at random from the found ones. If no such (by,b2)
exists, it sets (bi;,b) = (1,1); in this case an error
occurred. For the selected (bg,b1,b2), encoder 1 sends
X{V(w2pa7w2c7wlcvb07w1pb7b17w2pb7b2)~

Lemma 8: This two step encoding procedure is successful
with high probability if

e > I(Uye; X2|Use), (12a)

I1p;, > I(Urpp; X2|Use, Use), (12b)

Ri + Ropy > I(Unps; X2, Ugpp|Use, Ure).  (12¢)
Proof: The proof is found in Appendix C. [ ]

From the Fourier—Motzkin elimination [24] of the region in
(11), it is possible to conclude that the binning rate R;. in (11a)
may be taken to satisfy the constraint in (11a) with equality
without loss of generality. This implies that the two step binning
in lemma 8 has the same performance as joint binning in The-
orem 7, i.e., by setting (12a) to hold with equality, which may
be done without loss of generality, the joint and the two-step
binning rate bounds are equivalent.

V. COMPARISON OF Rrrp WITH EXISTING
ACHIEVABLE RATE REGIONS

Theorem 9. The Region Rrrp is the Largest Known Achiev-
able Region: The region in Theorem 7 contains all known
achievable rate regions for the CIFC. In particular, showing
inclusion of the rate regions [12, Th. 2], [16, Th. 1] and [13,
Th. 4.1] is sufficient to demonstrate the largest known CIFC
region, since the region of [12, Th. 2] is shown to contain those
of [10, Th. 1] and [17].

The proof of Theorem 9 is presented in the following
subsections.
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A. Devroye et al.’s Region [16, Th. 1]

In Appendix C we show that the region of [16, Th. 1], indi-
cated as Rpmr, is contained in our new region Rrrp. In the
proof:

* We make a correspondence between the random variables

and corresponding rates of Rpyir and Rrrp.-

e We define new regions Rpur - ROD“;IT and
RiI‘{TD C Rpgrrp which are easier to compare: they
have identical input distribution decompositions and sim-
ilar rate equations.

* For any fixed input distribution, we make an equation-by-
equation comparison, which leads to R%+ C Ri., and
thus Rpmt € RrTD-

B. Cao and Chen’s Region [12, Th. 2]

The region in [12, Th. 2] uses a similar encoding structure as
that of Rrrp with two exceptions.

1) The binning in [12, Th. 2] is done sequentially rather than

jointly as in Rrrp, leading to binning constraints [12, Th.
2, eq. (42)—(44)] as opposed to (11a)—(11c) in Theorem
7. Notable is that both schemes have adopted a Marton-
like binning scheme at the cognitive transmitter, as first
introduced in the context of the CIFC in [12].

2) The primary message is split into two parts in [12, Th.
2] (i.e., R1 = Rq1 + Ry, note the reversal of indices),
while we explicitly split the primary message into three
parts (i.e., Ry = Ra. + Rgpa + R2pb)~

In Appendix E we show that the region of [12, Th. 2], denoted
as Rec, satisfies Rcc € Rrrp in two steps.

* We first show that we may without loss of generality set
U1 = 0in [12, Th. 2].

* We next make a correspondence between a subset of our
RVs and those of R ¢ showing that the region in [12, Th.
2] is a special case of our region in Theorem 7.

We also note that the region of [25], used to prove capacity
for the cognitive Z-IFC when the interference-free component
is noiseless, is a special case of the region in [12] and is thus
also contained in our achievable region.

C. Jiang et al’s Region [13, Th. 4.1]

The scheme in [13, Th. 4.1], originally designed for the gen-
eral broadcast channel with cognitive relays (or interference
channel with a cognitive relay [26]) that subsumes the CIFC,
may give a achievable region for the CIFC by setting certain
channel inputs to be empty sets. The scheme in [13, Th. 4.1] also
incorporates a broadcasting strategy as in our achievable region
through (U b, U 21,1,). However, the common codewords are cre-
ated independently instead of having the common codeword of
transmitter 1 superposed to the common codeword of trans-
mitter 2. The former choice introduces more rate constraints
than the latter and allows us to show inclusion in RrTp after
equating random variables. The proof of the containment of the
achievable rate region of [13, Th. 4.1] in Rrrp is found in
Appendix F.

VI. NEW CAPACITY RESULTS FOR THE CIFC

We now look at the expression of the outer bound in [6, Th.
3.2] (here in Theorem 1) to gain insight into potentially capacity
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achieving schemes. In particular, we look at the expression of
the corner points of the outer bound region for a fixed distri-
bution py, x,,x, and try to interpret the auxiliary RV as private
or common messages to be matched to one of the RVs in the
achievable scheme in Theorem 7. By doing so, we will show
capacity for a class of channels in what we term the “better cog-
nitive decoding” regime, which contains the “very strong” (see
Theorem 5) and the “very weak” (see Theorem 4) interference
regimes for which capacity was previously known. Thus, the
“better cognitive decoding” regime corresponds to the largest
class of general CIFC for which capacity is currently known.

The outer bound region of Theorem 1 [6, Th. 3.2] has at most
two corner points where both the R -coordinate and the R-co-
ordinate are nonzero:

(RY™™ Ry™ ™) = (I(Y1; X1 |U, X2), [(Ya; U, Xp))  (13)
and

(R?Ut(b), Rgut(b))

= (I(Y1; X1|U, X2) + I(Yo; U, X2) — A, A) - (14)
for A 2 [I(Ys: U, X5) — I(Y1; U|X3)] T, since the largest pos-
sible R is

RS = min{I(Vq; X1|X>),
1(Y2; U, Xo) + I(Y1; X1|U, X2)}
=1(Y1; Xa|U, X2) + I(Y2; U, X2) — A

which results in an Rs:

Rgut(b) — min{I(Yz; U, X2)7
I(Y% U, XQ) + I(Yl; )(1|U7 XQ) _ er)ut(b)}
=A.

Proving the achievability of both these corner points for any
PU,x,;,X, shows capacity by a simple time sharing argument. We
can now look at the corner point expression and try to draw some
intuition on the achievable schemes that can possibly achieve
these rates.

« For the corner point (RS""®, RS in (13) we can inter-
pret (U, X) as a common message from encoder 2 striped
out at decoder 1 before decoding the private message from
encoder 1 in X;.

* The corner point (R
sible expressions:

D) IfI(Y;U|Xs) < I(Ya; U, X5),ie., A > 0:

out(b out(b
ont(h) pout(b))

?

in (14) has two pos-

(R(;ut(b)/,Rcz)ut(b)')
= (I(Y1; X1, U] X2), I(Y2; U, Xo) — I(Y1; U|X2)),

which suggests that X5 is the common primary mes-
sage and U and X, are, respectively, the cognitive
common and private message.

2) If I(Y1;U|X2) > I(Y2; U, X3), i, A = 0:

(er)ut(b)” Rout(b)” )

s 2

= (I(Y2; U, X2) + I(Y1; X1]X5,U), 0).
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In this case, since

I(Yo; U, X2) + I(Y1; X1]| X2, U) < I(Y1; X1|X2),

the rate pint (RS™™" RS™™") is dominated by
(I(Y1; X1]|X2),0), which is always achievable. Hence,
to show capacity we do not need to consider the case
A = 0.

Guided by these observations, we consider a scheme that has
only the components Us.,U;. and Ui, in Theorem 7. That
is, the primary message wo is common and the cognitive mes-
sage wq is split into a private and a common message. Note
that this proposed scheme coincides with that of [27], which
achieves capacity if the cognitive receiver is required to decode
both messages (with and without the secrecy constraint); for this
reason we term the regime where the scheme with only Uz, Uy
and Uy, in Theorem 7 achieves capacity the “better cogni-
tive decoding” regime. This also corresponds to the achievable
schemes in [27] and in [9].

Theorem 10. New Capacity Result for the “Better Cognitive
Decoding” Regime: The outer bound of Theorem 1 is the ca-
pacity region if for all px, x, v

I(Y1; X5,U) > 1(Y2; X0, U). (15)
Moreover, the “better cognitive decoding” condition in (15) in-
cludes the “very weak interference” condition in (6) and the
“very strong interference” condition in (7).

Proof: Consider the achievable rate region in Theorem 7
with

X1 =Uipp,Ure = U, X =Us. = Usp,

and Rope = Ropy = R, = R’lpb = Rl2pb = 0. In the re-
sulting scheme, the message from transmitter 2 to receiver 2 is
all common while the message from transmitter 1 to receiver 1
is split into common and private parts. The achievable rate re-
gion in Theorem 7 reduces to

Ry + Ri. <I(Y2; U, X>), (16a)

Ry + Ry + Ripy < I(Y1;U, Xo, X1), (16b)
Ric+ Ripy, <I(Y1;U, X1|X3), (16¢)

Ripy <I(Y1; X1]|X2,U). (16d)

After Fourier-Motzkin elimination [24] the region in (16)
becomes

Ry <I(Y1;U, X1|Xo) (17a)
Ry < I(Ya3U, X5), (17b)
Ry + Ry <I(Y2; U, X») + I(Y1; X1 X2, U),  (17¢)
Ry + Ry <I(Y1; X2, U, Xy). (17d)

We see that (1a)=(17a), (1b)=(17b), (1c)=(17¢), and (17d) is
redundant because of the “better cognitive decoding” condition
in (15).
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Moreover, the “better cognitive decoding” condition in (15)
is looser than both the “very weak interference” and the “very
strong interference” conditions in (6) and (7), respectively, be-
cause by summing the two equations in (6) we obtain

H(U;Y1|X2) + I1(X2; Y1) > I(U; Y| Xo) 4+ I(X2; Y2)
< I(YI,U/XZ) > I(YZ,U/XZ) < 6(1(15)7

and by summing the two equations in (7) we obtain

I(Yl,Xl,X2)+I(X1,Y2|X2)ZI(YQ,XlX2)+I(X1,Y1|X2)
< I(Yl,XQ) > I(YQ,XQ) < eq(15) for U = .

Since both (6) and (7) imply (15), we conclude that (15) is more
general than the previous two. ]

Remark 4: The scheme that achieves capacity in “very weak
interference” is obtained by setting 1. = 0 in (17) so that the
entire cognitive message is private and the primary message is
common. The scheme that achieves capacity in “very strong in-
terference” is obtained by setting [21,, = 0 in (17) so that both
transmitters send only common messages. The scheme that we
use to show the achievability in the “better cognitive decoding”
regime mixes these two schemes by splitting the cognitive mes-
sage into common and private messages. This relaxes the “very
strong interference” achievability conditions as now the cogni-
tive encoder needs to decode only part of the cognitive message.
The scheme also relaxes the “very weak interference” achiev-
ability condition since it allows the cognitive encoder to decode
part of the cognitive message and remove its undesirable effects.

VII. CAPACITY FOR THE SEMI-DETERMINISTIC CIFC

We next consider a class of semi-deterministic CIFC for
which the signal at the cognitive receiver is an arbitrary deter-
ministic function of the channel inputs, that is

Yi = fi(X1, Xa) (18)
for some function f;. The class of channels in (18) was first
introduced in [12], in the spirit of [28] and the capacity was
derived under the additional conditions that (a) I(Y7; X2) >
1(Ys; X) forall px, x, and (b) f1 is invertible given X;. Here
we extend the result in [12] by determining the capacity region
in general—i.e., with no extra conditions besides the one in (18).

Theorem 11. New Capacity Result for the Semi-Deterministic
Channel: The capacity region of the semi-deterministic CIFC
in (18) consists of all non-negative pairs (R, Ro) such that

Ry < H(Y:|Xs), (192)
Ry <I(Ya: U, Xo), (19b)
R1+R2 SI(YQ,UX2)+H(Y1|U,X2) (190)

taken over the union of all distributions py x, x,-

Proof: The converse follows by considering the outer
bound of Theorem 1 with the additional deterministic assump-
tion in (18) i.e., H(Y1| X1, X2) = 0.
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For the achievability, consider the region in Theorem 7 for
Use = Uie = 0, Uy = Uy and Uy = Uspp and Ry = Ry =
Rapy = 0, that is

1oy > 1(U1; X2), (20a)

R, + Ry, > 1(Ur; Uy, Xo), (20b)
Ry + Rb, <I(Ya;Us, Xs), (20c)
Ry + R}, <I(Y1;Uy) (20d)

for any Py, v, x, x, . After Fourier—Motzkin elimination, the re-
gion in (20) may be rewritten as

Ry <I(Yi;Uy) — I(Uy; Xs), (21a)
Ry <1(Y2; Uz, X»), (21b)

Ry + Ry <1(Yo; Uz, Xo)+1(Y1;Uy)—1(Uy; Ua, X3)
— (21a) + (21b) — I(Uy; Us|X.). 210)

Finally, by choosing U; = Y; (possible because Y7 is a de-
terministic function of the inputs and both inputs are known at
transmitter 1) and Us = U, the achievable rate region in (21)
reduces to the outer bound in (19). [ ]

Remark 5: The achievability scheme in (20) cannot be ob-
tained as a special case of any previously known achievability
schemes except possibly the one proposed in [13] for the clas-
sical IFC with a cognitive relay. The RV Us,;, which broadcasts
the private primary message from transmitter 1, appears in [12]
as well but it is not possible to obtain the scheme in (20) with
a specific choice of the RVs. In the scheme of [12] the same
primary private message is embedded in Us),, and X, while in
Theorem 11 Uy, and X5 carry two different primary private
messages.

Remark 6: We used the achievability scheme for the semi-de-
terministic CIFC in (21) in [3], [29] to prove capacity to within
1 bit for the Gaussian CIFC. This supports the notion that re-
sults for (semi)-deterministic channels may carry over to noisy
networks.

VIII. CAPACITY FOR THE DETERMINISTIC CIFC

In the deterministic CIFC both outputs are arbitrary determin-
istic functions of the channel inputs, that is

Y1 = f1(X1, Xo)
Yy = fo(X1, X2)

(22a)
(22b)

?

for some functions f; and fs. The class of channels in (22) is a
subclass of the semi-deterministic CIFC in (18) for which The-
orem 11 is the capacity. However, we rederive here the capacity
region for the deterministic channel in (22) to show the achiev-
ability of the outer bound of Theorem 6 when letting Yy = Y5,
instead of the outer bound of Theorem 1.

Theorem 12. New Capacity Result for the Deterministic
Channel: The capacity region of the deterministic IFC in (22)
consists of all non-negative pairs (R, R2) such that

Ry <H(Y1|X2), (23a)
Ry <H(Y3), (23b)
R1 +R2 SH(YQ) —|—H(Y1|Y2,X2) (230)

taken over the union of all distributions px, x,.
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Proof: The achievability follows immediately by choosing
U = Y5 in the capacity region in (19). Note that it is possible
to set U = Y5 because the codebook U = Uy, is generated at
the cognitive transmitter that knows both inputs and thus knows
Y5 (because Y is a deterministic function of the inputs by as-
sumption). The choice U = Y5 also maximizes the Rs-bound
in (19b) since

I(Yy; U, X5) < I(Y; U, X1, Xo) = H(Y?).

However, it is not evident a priori that U = Y, also maxi-
mizes the sum-rate in (19c). To show that the sum-rate is in-
deed bounded by (23c), we use the sum-rate outer bound in (8c).
Since we are dealing with deterministic channels, we can only
choose Y3 = Y3, from which the claim follows. [ |

IX. EXAMPLES

The scheme that achieves capacity for the deterministic
and semi-deterministic CIFC uses the RV Usp, to perform
Gel’fand-Pinsker binning to achieve the most general distribu-
tion among (Xo, U1,p, Uapp ) With, quite interestingly, Ropp = 0
and RIQpb > 0. This feature of the capacity achieving scheme
does not provide a clear intuition on the role of the RV Usyy,.
For this reason we next present two examples of deterministic
channels where the encoders can choose their respective code-
books in a way that allows binning of the interference without
rate splitting. To make these examples more interesting, we
choose them so that they do not fall into the category of the
“very strong interference” regime of Theorem 5, which, in the
deterministic case, reduces to

H(Y1|X2) < H(Y2|X>), H(Y2) < H(Y1) (24)

forall px,  x,. Unfortunately, checking for the “very weak inter-
ference” condition of Theorem 4 is not possible as no cardinality
bound on the alphabet of U is available.
A. Example I: The “Asymmetric Clipper” Channel

Consider the channel in Fig. 3. The input and output alphabets

are X1 = Yy = [0 : 3]land Ay = Yo = [0 : 7] and the
input/output relationships are
Y1 :Xl @4 XQ, (253.)
Yy =1(231(X1) s Xo (25b)
where 1¢43(z) = 1if 2 € A and zero otherwise and @y

denotes the addition modulo N. Also let #(S) be the uniform
distribution over the set S. First we show that the channel in
(25) does not fall in the “very strong interference” class. For the
input distribution:

X1 ~U{1}), Xa ~U(X>)
we have

Yi~UDN), Yo~ UY2)
so that

H(Y>) = log(|d]) = 3> 2 =log(|)1]) = H(Y1)
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X € {0,1,2,3}

Tx 1

Y; €{0,1,2,3}

Rx 2

Yoe{0. 7}

Tx 2

X,€{0.7}
Fig. 3. The “asymmetric clipper” channel considered in Section IX-A.
which contradicts the “very strong interference” condition in

(24). For this channel the outer bound in Theorem 12 is included
in

| <HY|X2) < H(Yp) < log(|y1|) =2, (26a)
2 < H(Y3) <log(|):]) = (26b)
R1 +R2 <H(Y2)+H(Y1|X2,Y2) < 4 (26C)

where H(Y1|X2,Ys2) < H(X1|lq233(X1)) < 1 follows from
the multiplicity of the solutions of an addition in a Galois field.
We now show that the region in (26) indeed corresponds to
the capacity region in Theorem 12. Indeed, the corner point
(R1,R2) = (1,3) in (26) is obtained in Theorem 12 with the
input distribution:

X1 ~U{0,1}), Xo ~U(X2)

while the corner point (R, R2) = (2,2) in (26) is obtained in
Theorem 12 with the input distribution:

Xy ~ UKL, Xo ~U(X).

Time sharing between the two corner points shows that the re-
gion in (26) and the region in Theorem 12 coincide.

For the achievability of the corner point (R, Ry) =
consider the following strategy:

e transmitter 2 sends o = wo;

e transmitter 1 sends 21 = [wy + ’ll)2]2;

* receiver 1 decodes w1 = [y1]2;

¢ receiver 2 decodes wWo = Yo = Ta.

It can be verified by inspection of Table I, which shows for
each possible message pair (w1, w2 ) the corresponding channel
inputs (x1,z2), channel outputs (yi,y2) and decoded mes-
sages (11, ws), that the rate pair (R, Re) = (1, 3) is indeed
achievable.

For the achievability of the corner point (Ry, Ry) =
consider the following strategy:

e transmitter 2 sends zo = 2ws;

o transmitter 1 sends x1 = [wy + 2ws]4;

¢ receiver 1 decodes w1 = y1;

* receiver 2 decodes Wy = |4 |.

It can be verified by the inspection of Table II, which uses the
same convention as Table I, that the rate pair (Ry, Rs) = (2, 2)
is indeed achievable.

In this example,we see how the two senders jointly design
their codebooks to achieve the outer bound and in particular how
the cognitive transmitter adapts its strategy to the transmission
of the primary transmitter so as to avoid interfering with it. Also
notice that the capacity achieving strategy achieves zero-error in

(1,3)

(2.2)
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TABLE 1
ACHIEVABILITY OF THE RATE POINT (R;, R2) = (1,3) IN EXAMPLE |
IN SECTION IX-A: FOR EACH POSSIBLE MESSAGE PAIR (w1, w2 ), WE
INDICATE THE CORRESPONDING CHANNEL INPUTS (:c1, 25 ), CHANNEL
OUTPUTS (Y1, Yy>) AND DECODED MESSAGES (1, th2)

w1 w2 | x1 X2 | Y1 Y2 | W1 W2
0 0 0 0 0 0 0 0 0
1 0 1 1 1 2 1 0 1
2 0 2 0 2 2 2 0 2
3 0 3 1 3 0 3 0 3
4 0 4 0 4 0 4 0 4
5 0 5 1 5 2 5 0 5
6 0 6 0 6 2 6 0 6
7 0 7 1 7 0 7 0 7
8 1 0 1 0 1 0 1 0
9 1 1 0 1 1 1 1 1
10 1 2 1 2 3 2 1 2
11 1 3 0 3 3 3 1 3
12 1 4 1 4 1 4 1 4
13 1 5 0 5 1 5 1 5
14 1 6 1 6 3 6 1 6
15 1 7 0 7 3 7 1 7
TABLE 11

ACHIEVABILITY OF THE RATE POINT (R;, R2) = (2,2) IN EXAMPLE
I IN SECTION IX-A: FOR EACH POSSIBLE MESSAGE PAIR (w1, w2),
WE INDICATE THE CORRESPONDING CHANNEL INPUTS (21, #2),
CHANNEL OUTPUTS (1, y2) AND DECODED MESSAGES (1, t02)

w1 w2 [x1 w2 | y1 y2 | W1 W2
0 0 0 0 0 0 0 0 0
1 0 1 2 2 0 3 0 1
2 0 2 0 4 0 4 0 2
3 0 3 2 6 0 7 0 3
4 1 0 1 0 1 0 1 0
5 1 1 3 2 1 3 1 1
6 1 2 1 4 1 4 1 2
7 1 3 3 6 1 7 1 3
8 2 0 2 0 2 1 2 0
9 2 1 0 2 2 2 2 1
10 | 2 2 2 4 2 5 2 2
11 | 2 3 0 6 2 6 2 3
12 | 3 0 3 0 3 1 3 0
13 | 3 1 1 2 3 2 3 1
14 |3 2 3 4 3 5 3 2
15 | 3 3 1 6 3 6 3 3

a single channel use, hence the capacity region coincides with
the zero-error capacity.

In achieving the point (R, R2) = (1,3), transmitter 2’s
strategy is that of a point-to-point channel. The cognitive trans-
mitter chooses its codewords so as not to interfere with the pri-
mary transmission. Only two codewords do not interfere: it al-
ternatively picks one of these two codewords to produce the
desired channel output. For example, when the primary sends
we = 0 (line 0 and 8 in Table I) transmitter 1 can send either
1 or 0 without creating interference at receiver 2. On the other
hand, these two values produce a different output at receiver 1,
allowing the transmission at rate R; = 1 bit.

In achieving the point (Ry, Ry) = (2,2), the primary trans-
mitter picks its codewords so as to tolerate one unit of inter-
ference. Transmitter 1 again chooses its codewords in order to
create at most one unit of interference at the primary decoder. By
adapting its transmission to the primary user, the cognitive trans-
mitter is able to always find four such codewords. It is interesting
to notice the tension at transmitter 1 between the interference it
creates at the primary decoder and its own rate. There is an op-
timal trade-off between these two quantities that is achieved by
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X; € {0,1,2,3}

Y; € {0,1}

Tx 2 () Rx 2

X, € {0,1,2} Y, € {0,1,2,3}

Fig. 4. “Symmetric Clipper” channel considered in Section IX-B.

TABLE III
INPUT DISTRIBUTION THAT ACHIEVES THE OUTER BOUND IN THEOREM 12
FOR THE CHANNEL IN EXAMPLE II IN SECTION IX-B

Xa, X1 1 2 3 4 PXxy
0 78 | 18 | 1/8 | 1/8 | 12

1 /8 1 1/8 0 0 1/4

2 /8 | 1/8 | 0 0 1/4

DX, 3/8 38 18 18

carefully picking the codewords at the cognitive transmitter. For
example, when the primary transmitter sends wo = 0 (lines 0,
4, 8, and 12 in Table II), transmitter 1 can send z; € [0 : 3]
and create at most one unit of interference at receiver 2. Each of
these four values produces a different output at receiver 1, thus
allowing the transmission at rate R; = 2 bits.

B. Example II: The “Symmetric Clipper” Channel

Consider the now channel in Fig. 4 whose input and output
alphabets are X1 = [0: 3] = Vo, Xo = [0: 2] and Yy, = [0: 1].
The input/output relationships are

Y, = 1{1,2}(X1) D2 1{1,2}(X2)7
Y2 =140,13(X1) & Xo.

(27a)
(27b)

The channel in (27) does not fall in the “very strong interfer-
ence” class since for the input distribution:

X1~ U({3}), Xo ~U({1,2})

we have H(Y;) = 0 and H(Y2) = 1, which contradicts the
“very strong interference” condition in (24).

The outer bound of Theorem 12 is achieved by the input
distribution px, x, in Table IIl. This distribution produces
H(Y1) =1 = logy(|])1]) and H(Y2) = 2 = log(|)=]), which
are the largest possible output entropies given the cardinality of
the output alphabets. We therefore conclude that the region in
Theorem 12 is equivalent to

Rl < 17

Ry <2.

(28a)
(28b)

The region in (28) is achieved by using the transmission
scheme described in Table IV, which shows for each possible
message pair (wi,ws), the corresponding channel inputs
(21, x2) and channel outputs (y1,y2) = (1, wWs). This trans-
mission scheme achieves the proposed outer bound, thus
showing capacity. The transmission scheme can be described
as follows:

* encoder 2 sends 2 = | %],
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TABLE IV
ACHIEVABILITY OF THE RATE POINT (R1, R>) = (1,2) IN EXAMPLE
I IN SECTION IX-B: FOR EACH POSSIBLE MESSAGE PAIR (wy, w>),
WE INDICATE THE CORRESPONDING CHANNEL INPUTS (1, 2)
AND CHANNEL OUTPUTS (y1,y2) = (w1, t2)

i
N
—
N
s
%)

LN BRWR—O

——— oo oo
W~ olwh— ol
Com P~ —owly
—— o o~ — ooy
—_———o © © ofe
W= oW — ofe

* encoder 1 sends the value x; that simultaneously makes
Y1 = wy and Y2 = W2,

e receivers 1 and 2 decode w; =

respectively.

This example is particularly interesting since both decoders
obtain their intended message without suffering any interfer-
ence. Here cognition allows the simultaneous cancelation of the
interference at both decoders. Encoder 2 has only three code-
words and relies on transmitter 1 to achieve its full rate of Ry =
2. In fact encoder 1 is able to design its codebook to transmit
two codewords for its decoder and still contribute to the rate of
primary user by making the codewords corresponding to wsy €
{2, 3} distinguishable at the cognitive decoder. This feature of
the capacity achieving scheme is intriguing: the primary trans-
mitter needs the support of the cognitive transmitter to achieve
Rs = 2 since its input alphabet has cardinality three. That is,
the primary pair achieves a larger rate thanks to the cognitive
pair than it would in its absence. This shows that cognition may
benefit both source-destination pairs.

For example consider the transmission of wy = 2 or 3 (lines
2,3,6 and 7 in Table IV). In this case transmitter 1 sends z; = 0
or 1 = 1 to simultaneously influence both channel outputs so
that both decoders receive the desired symbols. This simulta-
neous cancellation is possible due to the channel’s determin-
istic nature and the extra message knowledge at the cognitive
transmitter.

Y1 and 'UA)Q = Yo,

X. CONCLUSION

In this paper,we focused on the general memoryless cognitive
interference channel. We proposed new inner and outer bounds,
and derived the capacity for certain classes of channels. Our
new outer bound builds on the fact that the capacity of chan-
nels without receiver cooperation only depends on the channel
conditional marginal distributions and results in a bound that
does not involve auxiliary RVs, which is thus easily computable.
Our new inner bound generalizes all other known achievable
rate regions and is the largest rate region known to date. We
determined the capacity for a class of channels in the “better
cognitive decoding” regime, which includes the “very weak”
and the “very strong” interference regimes for which capacity
was known and is the largest region where capacity is known to
date. We also determined the capacity for the semi-deterministic
channel where the cognitive receiver’s output is a deterministic
function of the inputs. Furthermore, for channels where both
outputs are deterministic functions of the inputs, we showed the
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achievability of our new outer bound. Extensions of the results
presented here to Gaussian channels are presented in [29].

APPENDIX A
PROOF OF THEOREM 6

The R-bound in (8a) is as in (1a). The R>-bound in (8b) and
the sum-rate bound in (8c) are looser than (1a) and (1c), respec-
tively, as pointed out in Remark 1. This proves that the region in
(8)1is an outer bound for the general CIFC. Nonetheless, we offer
a novel proof for the sum-rate bound in (8c) that uses the fact
that the capacity region only depends on the conditional mar-
ginal distributions because the receivers do not cooperate [19].

By Fano’s inequality, H(W;|Y;¥) < Ney, for some ey such
that ey — 0 as N —0 for i € [1:2]. Let Y5 be a RV such
that PYQ/| x.,x. = Pyx,,x, but with any joint distribution
Py, YJ1X1, Xz The sum-rate can then be bounded as

N(Ry 4 Ry —2Nen) < I(W3; YY) + I(Wy; YY)
(a)
< I(Wi YN W) 4+ I(Wa: YyY)
(b) , ,
< I(Wis YV YN [Wa) 4+ I(Wo; V5Y)
© (W ¥ + IW0: V3N W) + T(W0 Y [V3N W)
(@)
< HOP) + (= B W) + BN W)
— H(Y3N Wy, Wa) + H(YN YN, Wy)
— HY NN, Wy, W)
CHYY) + B W, XY, v5Y)
- H(Y2/N|W1/ WZaXiv'/ Xév)
- H(Y1N|Y2IN7 Wi, Wa, X{V/ Xév)
© H(YY) + B W, X3, Y3Y)

- H(Y2N|X?T7Xév) - H(Y1N|Y21N7va7Xév)

(g)
< HYY) + H(YV Xy, v3™)

- B XY X)) - B Y, XN, X))
I(YZ 7X1 >X2 )

N .
+ ZH(YIAXéV/YQIN/YlL_I)

i=1

()

N
- ZH(Y1i|X{V7XéV7Y21N7Y1i71>

i=1

()

S I(Y2N7X{V>Xév)
N

+ > H(Yii| X25, Y5;) = H(Yii| X1i, X4, Y5,)
i=1

N (I(Yar; Xar, Xor) + H(Yir| Xor, Yor, T)

—H(Yir| X7, Xor, Yor))

() /
< N (I(Yor; Xir, Xor) + I(Yir; Xi7| Xor, 7)) -

@

Here the (in)equalities follow from (a) non-negativity of mutual
information and independence of W, W5, (b) addition of
side-information Y3, (d) definition, (e) as Y> and Y; have
the same marginals and the channel model where X{¥ de-
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pends on Wy and W,, while Xév depends only on W5, (f) as
(Wi, Wy) —(XN, X)) = (YY) forms a Markov chain, (g)
conditioning reduces entropy, (h) chain rule, (i) conditioning
reduces entropy and memorylessness, (j) and (k) memory-
lessness of the channel, definition of the time-sharing RV T’
uniformly distributed over the set [1 : N] and independent of

everything else.

APPENDIX B
ERROR ANALYSIS FOR THEOREM 7

Without loss of generality assume that the message
(wlp,wgp,wgm Wiph, Wopy) = (1,1,1,1,1) was sent and
let (bg, by, by) be the triplet (bo, b1, b2) chosen at encoder 1. Let
(W1e, Wae, Wapa, wzpbA7 bOA7 b2) be the estimate at the decoder 2

and (1})107@26,&/1,)1,7 507 51) be the estimate at the decoder 1.
The probability of error at decoder w € [1, 2] is bounded by

Prlerror u] < Prlerror u|encoding successful]
+ Pr[encoding NOT successful].

An encoding error occurs if encoder 1 is not able to find a
tuple (bo, by, by) that guarantees typicality. A decoding error is
committed at decoder 1 when (1., wlpb) # (1,1). A decoding
error is committed at decoder 2 when (wgc,wgpa,,wgpb) +
(1,1,1).

A) Encoding Error: Since the codebooks are generated iid
according to

codebook) __
P( ) = PU;. PX5|Us.

PU, . |Use PUspy|Use,Ure, Xo PU1ps|Use Use (29)

but the encoding forces the actual transmitted codewords to look
as if they were generated iid according to

p(encoding)

PU|Use, X2 PUspy |Uze Ure, X2 PU1py Uz Ure, X2, Uz

= PU>. Px, Uz
(30)

we thus expect the probability of encoding error to depend on

c |:1 p(encodmg) :| £ |:1
og—F———— | =E|lo
gp(COdebOOk) 5 PU, . |Uze PULpy |Use ,Use
= I(Uic; X2|Use) + I(Urpy; Xo, Uspp|Use, Use).

PUL | Use, X5 PUy o |Use Ure, X Unps }

The probability that the encoding fails can be bounded as

Ry N Ripy N Ropy

Pr[encoding NOT successful] = ﬂ ﬂ
bo=1 bi=1 bo=1
(Use (1), X5' (1,1),Uf¥(1,1,bo), U}, (1,1, bo, 1, by),

U%b(L 17 b07 17 b2)) ¢ TEN(pU2c-,X27U1cubrlpbuU2pb )]

Var[K]
E2[K]

=Pr[K =0] <
where

’ NR! NR/,
N 9 1pb 2 “2pb

A
= E E E Ky by ,bs
0=1 b1=1 by=1
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and

A
Kbo,bl,bz = 1{5}7
& = {(Us(1), X3'(1,1), Uit (1,1,b0), U}, (1,1,b0, 1, by),
Ugp(1,1,b0,1,b2)) € T,

N
€ (pUzc,Xz,Um,Ulpb,Uzpb)}
where 1;¢y = 1 if the condition expressed by £ is true and zero
otherwise.
The mean value of K (neglecting all terms that depend on €
and that eventually go to zero as N — 00) is

1C 2 lpb 2 Zpb

Z Z Z Pr[Kbo,b1752 - 1]

bp=1 bi1=1 b2=1
— 2N(R,1c+Rllpb+R;pb_A)

with

27N = Pr[Ky, 5, 5, = 1] = E[Kpy , 5,
= Pr[(U30(1), X3' (1,1), U1, 1,b0), U}y, (1,1, b0, 1, by),

UQJZI;(L 1, bo, 1, bZ)) € TEN(pU2r1X27U1F7U1pbaU2pb )]

- >

N N . N N N N
(ulc7u1pb7u2pb)€Tf (pUZc=X2=UIE'Ulpb~UZpb|u267$2 )

N N N
DU |Use PUs o |Use Ure, Xo PUL, [Use U
> 2_N[I(U15;X2|U25)+I(U1pb;X27U2pb|U1C7U25)] .

Here p¥ denotes the N-th memoryless extension of the density
px fora RV X.

The variance of K (neglecting all terms that depend on € and
that eventually go to zero as N — o0) is

Ry, gV B gN By, oN
VarlK Z > 2 Z
bop=1 b;=1 bo=1 b’—l

! U
N Biph 9N oy

Z Z (Pr[Kbo,bl,bz =1, Ky v, = 1]
b=1 b,=1
- Pr[Kbo,bl,bQ = 1] PI'[KbI b/ b_/ = 1])

R R
bO:(blabLb], 2)
= Pr[Kyy 01,6, = 1 Pr[Ki 470, = 1])

< Y PrlKugpe, =L Kigu e = 1]
bo,(b1,b2,b],b5)
because when by # b, that is, U (..., bo) and U (... b))
are independent (here the dots are in place of indices that are
the same in both codewords), the RVs Ky 3, », and Kb{),b’l,b;
are independent and they do not contribute to the summation.
We thus can focus only on the case by = bj,.
We can write

Var[K] < > Pr[Kpy 5, 5, = 1]
bo, b1=b/, by=b},
—E[K]
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+ Y PrKyg b = UP[Kyy g, 0 = 1Ky by 0, = 1]
bo, b1 =b', ba#b,

-~

U
—E[K]2" F2ps

+ Y Pr(Kyg b = UPr[Ky, 4 4, = 1Ky by, = 1]
bo, by #b! , by=bl,

—B)

J

v~

—E(x) 2" Fin

+ > Pr[Kpg b = 1Pr[Ky, v = UK by, = 1]
bo, b1 #b], ba#b),

—C)

’ r_
=|E[K] 2N(R1pb+NR2pb D)

and

27 NB = Pr[Kb()ablyb,Q = 1|Kb0=b17b2 = 1]

= Pr[(U30(1), X3' (1,1), Uit (1, 1,b0), U}, (1, 1,0, 1, by),
Ué}ib(lebovlvbIQ)) € TFN(pUQmXZ,Ulr,Ulpb,Uzpb)|
(Use (1), X537 (1,1), UL (1,1,bo), U1}, (1,1,bg, 1, by),

Ugb(lv 1, b07 1, bZ)) € TEN(pUQC1‘Y27U167U1p’)7U2pb)]

N N N N . N
Up, €T (]’Uza-Xz-U1C=U1pb=Uzpb‘uzcvzz YU

1ps)

N
PUs 1 |Use,Ure, X
= 9~ NI(Uzpb;U1ps|Uze,Use, X2)

and

2_NC = Pr[Kboab/labQ = ]‘|I(b01bl=b2 = 1]

= Pr[(U30(1), X3' (1,1), Uit (1, 1,b0), U}, (1, 1,bg, 1, b7),
Uy (1,1,b0,1,b2)) € TN (U, X U1 U1y Usis )|
(U (1), X' (1,1), Uf\cr(l 1,bo), U}, (1,1,bo,1,by),
U y(1,1,b9,1,b2)) €
- Z POy |Use U1
Noud )

N N N N
Uy €T (pU25~X2~Ulc=Ulpb=UQPb"U'QC’IZ "UerUapp

_ 2_NI(U1pb;X2;U2pbIUlcyUQC)

(pU>c,X2 U167U1pl)7U2pb)]

and

27N = Pr[Ky, vr v, = 1Ky by b, = 1]
= Pr[(U3%(1), X537 (1,1), Uit (1,1,b0), U3, (1,1,bg, 1,b7),
Uzj\gb(lv 1, bo, 17b/2)) € TEN(pUQC1X27U107U1pbyU2pb)|
(U3 (1), X2 (1,1), U{X(l 1,bo), Ui, (1,1,bo, 1,b1),
Ugp(1,1,b9,1,b2)) €

- >

N N N N N . N
(ulpb,qu,,)GTe (PUQC,Xz,Ulc,Ulpb,U2pb udl N ul )

(pUzc X2,U1c,Uips, szb>]

N N
pUZpb|U2cyUlch2 pUlpb‘U2cyUlc
— 2_NI(U1pb;X2;U2pbIUlcyUQC) — 2—NC.

Hence, we can bound Pr[K = 0] as

Pr[K =0]
1 + QN(R;pb*C) + 2N(Répb*3) + 2N(R/1pb+R§pb*C)

> 2N(R'lc+R’1pb+R;pb—I(U15;Xg|U25)—C)
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TABLE V
ERROR EVENTS AT DECODER 2

Event | wac | (wic,b1) | wapa | wops | Pyy|«
1228 X DY,
E22q | 1 X X Pys |Us,
Eoop |1 1 X DYy |Use,Uye
Ea3q | 1 X 1 Py, |Use, Xo
Es 3 1 1 1 X PYQ‘UQ(:»Ulc»XQ
and Pr[K = 0] — 0 if
/ / /
1e + Ripy + Ry, — U1c7 X2|U2c -C>

I( )—-C
le + Ry + Ry — I( )—-C
le + Ripy + Ropy — I(Ul(, X IUzr) -C-
e+ Ry + Ropy — I( )=C

— (Riyp + Ry — C) >

that is, if the inequality in (11a)—(11c) hold. Note that the second
to last constraint in the above expression is redundant.

B) Decoding Errors at Decoder 2: 1If decoder 2 decodes a
(Wae, Wapa, Waps) # (1,1,1), then an error is committed. The
probability of error at decoder 2 is bounded as

Prlerror 2|encoding successful]

< > PrBEyl

1€{1,2a,2b,3a,3b}

€2y

where Es ;, i € {1,2a,2b,3a, 3b}, are the error events defined
in Table V. In Table V, an “X” means that the corresponding
message is in error (when the header of the column contains two
indices, an “X” indicates that at least one of the two indexes is
wrong), a “1” means that the corresponding message is correct,
while the dots “---” indicate that “it does not matter whether
the corresponding message is correct or not, because of super-
position coding; in this case the most restrictive case is when
the message is actually in error.” The last column of Table V
specifies the py, |, to be used in (32) defined below.
Depending on which messages are wrongly decoded at de-
coder 2, the generated sequences and the received Yy are gen-
erated iid according to
(32)

A
p2|* = PU,, pX2|U2p pUl(‘IUQ{‘ pUQpb‘UQl‘aUlszQ pYQ\*

where “x” indicates the messages decoded correctly. However,
the actual transmitted sequences and the received Y5 considered

at decoder 2 look as if they were generated iid according to

A
P2 = Pu..

PU, U2, X3 PUspy |Use ,Uie, X2 PY2|Use,Ure,X2,Uspp -

Px,|Us.
(33)

Hence we expect the probability of error at decoder 2 to depend
on terms of the type

L, =E |:10g :|
P2|«

=E [log
pUchUQC p)’z‘*
=1(Ure; X2|Use) + 1(Ya; Uze, Ui, Xa, Ugpp|*). (34)

bu,. |Uze, X2 pY2|U2c,U1c,X27U2pb
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We now proceed to bound the probability of all the events in
(31). We have that Pr[error 2|encoding successful] — 0 when
N — oo if

* When the event E5; occurs we have Wy, # 1. In this

case the received Y3 is independent of the transmitted se-
quences. This follows from the fact that the codewords Uy,
are generated in an iid fashion and all the other codewords
are generated independently conditioned on U,Y. Hence,
when decoder 2 finds a wrong UQJ\CT, all the decoded code-
words are independent of the transmitted ones. We can
bound the error probability of 5 1 as

Pr[Ey,] =, P U

W2e#L,Wapa, Wi, W2ph,bo,b2
(Y2N7 UZJ\cr(’lDQC)7 U{\cr(wlw Wae, b0)7 Xév(ﬁlgc, /'I)QPﬂ)a
Ug)b(’wQC? U~)2pa7 U~)167 b07 u~}2pb7 b2)) € TEN(pY2-,U2C7U1cuX21U2pb ):|

< 2N(R2c +Ropa+Ric +R/15 +Ropy +R/2pb)

>

N N N N , N N o
(y3" gl ul, @y suy ) ET! (PYZ.LQC.LIC,XQ,UQI,,))

< ZJ\T(R2C+R2pa+Rlc+R/15+R2pb+R;p[,_12|* [«=0)

pé\{* |~k=®

for pyp, given in (33) and I, given in (34). Hence
Pr[E5 1] — 0 as N — oo if (11d) is satisfied.

* When the event F, 5 occurs, i.e., either s 2, or E3 o, we
have sy, = 1 but wsyp, # 1. Whether 10, is correct or not,
it does not matter since decoder 2 is not interested inAuA)lc.
However we need to consider whether the pair (1., bo) is
equal to the transmitted one or not because this affects the
way the joint probability among all involved RVs factor-
izes. We have R
— Case F pq: either 1. # 1 or by # bo. In this case,

conditioned on the (correct) decoded sequence UQJ\J s
the output Y5V is independent of the (wrong) decoded
sequences (U, X2V, UQJ\;b) (because Ug)b is superim-
posed to the wrong pair (UY, X2V)). It is easy to see
that the most stringent error event is when both ;. # 1
and by # bo. Thus we have

Pr[Fa54] = P U
Wapa #L,W1c#1,bo#bo, Waps b2
(Y2N7 U2]X(1) Ulj\g(lv W1e, b0)7 Xév(l U~)2pa),

Uz]f;b(L Wapa, Wie, bo, Waps, b2))

N
€ Ts (p),21U2cyUlc-,X2yU2pb) ]
< 2N(R2pa+R1C+R'1C+R2pb+R§pb)
(yév,ué\’c,uf;,zév,ué\;b)eTEN (I)YQ.U%,UlC,XQ,UQPb)

N
Py |x=Us.
< 2N(R2pa+RIC+R,1C+R2pb+Répb712‘* le=Us,)

for py, given in (33) and I, given in (34). Hence
Pr[E3 2,] — 0 as N — oo if (11g) is satisfied.
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— Case I3 op: both . = 1 and 130 = by. In this case, con-
ditioned on the (correct) decoded (U3, U{Y), the output
YV is independent of the (wrong) decoded sequences
(X, UN,). Thus we have

pb

WapaF1,Wapy,b2

(Y2N7 Ué\cr(l)7 Ulj\cr(lv %7 b0)7 Xév(lv u~}2]m)7
Ugb(lv rLDZp(m 17 bO-, w2pb> b?))

PI‘[EZQ(,] = P

€ TeN (p),27U2cyUlch23U2pb) ]

< 2N(R2pa+R2pb+R§pb)

>

N N N N . N N .
(y3' yudy, ui,, =5 ’1L2pb) €T (pY27U267[71c~)‘2*U2pb)

N
p2|*|*:(U261Ulc)
< 9N (Rapa+tRopp+ Ry, —Iapuliz(us,,0.,)

for po|, given in (33) and I2|* given in (34). Hence
Pr[E3 2] — 0 as N — oo if (11f) is satisfied.

* When the event Iy 3 occurs, i.e., either Fo 3, or Ey 33,
we have wo. = 1, Wap, = 1 but Wopy # 1. Again,
whether w1, is correct or not, it does not matter since de-
coder 2 is not interested in 11210 However we need to con-
sider whether the pair (1., bo) is equal to the transmitted
one or not because this affects the way the joint probability
among all involved RVs factorizes. The analysis proceeds
as for the event F» 5.

We have R

— Case F 3,: either wy. # 1 orby # bo. In this case, con-
ditioned on the (correct) decoded sequences (U3¥, X2V),
the output Y3V is independent of the (wrong) decoded
sequences (U{y,U,,). It is easy to see that the most

stringent error event is when both 1. # 1 and I;O £ by.
Thus we have

Pr[Es3.] = P U
wi.#1,bg 7550,17)21,1,,1)2
(Y2N7 Ué\cr(l)/ Ulj\cr(lv 11)107 b0)7 XéV(L 1)7

UQJZb(L 17 1ch; bO, 'U~)2pb, bg))

€ TeN (pY27U2c7U1caX2;U2pb)‘|

< 2N(RIC+R/16+R2PIJ+R’I2P[])

2

N N N N N N
(¥ yug,,ul,, s ’“2pb)eTz (pY2~U2c,-Ulch2vUZpb>

N
p2‘*|*:(UZC7X2)
< 2N(R2pa+R16+R;C+R2pb+R'2pb—12\, le=(Us. . X))

for po. given in (33) and I2|* given in (34). Hence
Pr[E3 3,] — 0 as N — oo if (11g) is satisfied.

— Case FEjy3: both . = 1 and 130 = bo. In this
case, conditioned on the (correct) decoded sequences
(UN, XN, UN), the output Y5V is independent of
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TABLE VI
ERROR EVENTS AT DECODER 1
Event | wac [ (wic,b1) | wipy | Py«
Ei1 X . . Py;
B2 1 X Py, |Us,
Ei3 1 1 X Y1|Uzc,Usc

the (wrong) decoded sequence U2pr- However, since
(UN, XN UN) is the triplet that passed the encoding
binning step, they are jointly typical. Hence, in this case
we cannot use the factorization in py|, given in (33), but
we need to replace py, |v,. in (33) with py, |1,. x,-
Thus we have

PI‘[E2731,] = P

U

Waph,b2
Y2N7 UQJZ(l)7 Ulj\é(17 1750)7Xév(17 1)7
Ug)b(17 17 17 b07w2pb> b?))

€ TeN (pYQ,Uzp,Ulp,Xz,Uzpb) ]

< N (Rapp+Ry,,)

(yév’“zﬁvp’“{vpvrév7"21\211)67?\7 (7’"2~U2c~U1c~X2~U2pb)

N N N N N
bu,. szlec erlc‘U2ch2 pUzpblec,Uu,Xz pY2|U1c,U2c,X2
< ZN(Rzpb+R'2pb71(Yz;U2pb|U1c,U2c,X2)).

Hence Pr[Ej 5] — 0 as N — oo if (11h) is satisfied.
C) Decoding Errors at Decoder 1: The probability of error
at decoder 1 is bounded as

3
Prlerror 1|encoding successful] < Z Pr[E1 ;]

=1

(35)

where Pr[E; ;], for i € [1 : 3], is the error event defined in
Table VI. The meaning of the symbols in Table VI is as for
Table V.

Depending on which messages are wrongly decoded at de-
coder 1, the generated sequences and the received Y;" are gen-
erated iid according to

A
P1jx = PUs. PU1.|Use PU1py|Uze,Ure PY1 |5 (36)

6 9

where “x” indicates the messages decoded correctly. However,
the actual transmitted sequences and the received Y, consid-
ered at decoder 1 look as if they were generated iid according to
A
P1 = PUs. PULc|Uze PU1 . |Use ,Ure PY3 U, Ure,Ups - (37
Hence we expect the probability of error at decoder 1 to depend
on terms of the type

L, =E [log P }
P1)x

—E |:10g Pyi|U2. U, Urpe :|
Py %

:I(Yl;U207U1C7U1pb|*)- (38)
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We now proceed to bound the probability of all the events in
(35). We have that Prlerror 1|encoding successful] — 0 when
N — oo if

* When the event E;; occurs we have Wy, # 1. In this

case the received Y/ is independent of the transmitted
sequences. We can bound the error probability of Fy ; as

Pr{Ey] = P| U

WaeF#L,Wic,W1ph,bo,b1

(Y1N7 UQJ\J(IDZC)v Uﬁ(ﬁ)lw u~]267 bO)

Uty (2c, Wapa, Wic, bo, Waph, b1)) € TN (Dyy Une 010010 )

< 9N(Rac+Ric+Ri +Ripp+Ryy,)

>

N N N N N
(v1 ’u2c’ulc’"1pb)€T€ (pYIVUZC»Ulc~Ulpb)

< 2N(R2c+R2pa+Rlc+R;c+R2pb+R»’2pb*11|* [+=0)

pﬁ*|*=®

for pyj,. given in (33) and I1|* given in (38). Hence
Pr[E; 1] — 0 as N — oo if (11i) is satisfied.

* When the event F; 5 occurs, either ;. # 1, I;O #* bo
or both. In this case, conditioned on the (correct) decoded
sequence UZY, the output Y} is independent of the (wrong)
decoded sequences (U7, U[Y,) . It is easy to see that the
most stringent error event is when both ;. # 1 and 50 #
bo. Thus we have

Pr[Ey o] = P U

W1c#1,bo#bo,W1ps,b1
(Y1N7 UZIX(I)7 UIZ\cr(lvllblm b0)7 Uﬁ;b(l/ wlm b07 u~]1Pb7 bl))

€ TN (P Ve, Ui

< 2N<R10+Rl1C+Rlpb+Rllpb)

N yN uN

N N
(¥ ugl ug,, 1pb)€Tr (pyl-U2p~U1p-U1pb)

< 2N<R1(‘+R;F+Rlpb+R,1pb_I1‘* l=vs,)

p]1\|7*|*=Uzc

for py, given in (37) and I, given in (38). Hence
Pr[E; 5] — 0 as N — oo if (11j) is satisfied.

* When the event £ 3 occurs, either wipp # 1 or 131 £ by
or both. In this case, conditioned on the (correct) decoded
sequence (UL, UY), the output YV is independent of the
(wrong) decoded sequences U{Zb. It is easy to see that the
most stringent error event is when both Wi, # 1 and
IA)l #* b1. Thus we have

U

Wi1pp#Lb1#£by
(Y1N7 UZJ\CT(l)/ Ulj\cr(lv 1, 60)7 Ulj\;b(lv 1, 507 71)11757 bl))

PI‘[ELg] = P

€ TN (pvi 00,01 ULy ) ]

< 9N(Ripp+RY,,)
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>

N N N . N N
(¥ 7“267ulc7u1pb)€T€ (pY1~U2r~U11“U1pb)

< 2N<Rlc+R{|F+R1p’)+R/1pb_Il‘* l+=(Use.U10))

N
p1|*|*=(Uzc,U1c)

for py|. given in (37) and Iy}, given in (38). Hence
Pr[E; 3] — 0 as N — oo if (11k) is satisfied.

APPENDIX C
PROOF OF LEMMA 8

An encoding error is committed with sequential/two-step bin-
ning if we cannot find a b in the first step or if, upon finding the
correct by in the first encoding step, we cannot find the correct
(b1, b2) in the second step. Let E.  the probability of the error at
the first step and F. 12 the probability of the error at the second
step, the

Prlencoding NOT successful] < Pr[Ec o] + Pr[E. 12| Ef o]
where

Pr[E, o] = Pr rﬂlc (U (1), X3 (1,1),UN(1,1,bp))

bo=1

¢ TEN(pU2c-,X27U1c )

= (1 - Pr[(UQACT(l)v Xév(lv 1)7 Ulj\c](lv 17 bO))
NRY
¢ TEN(pU267X21U1c)])2

Using standard typicality arguments we have

Pr[(UQACT(l)/ Xév(lv 1)7 UlAc](lv 1, bg)) ¢ TeN(pUquz,Ula)]
> (1 _ E)QN(I(Ulc;X2|U2c)+6)_

Now we can write

!
2NR16

Pr[Eeo] < (1—-(1— 6)QJV(iT(Ulc;Xz\Ugc)Jr5)>
< exp (1 - (1- 6)2N(RIIC_I(UICZX2|U2c)+5)))

so that Pr[E, o] — 0 when N — 0 if (12a) is satisfied.
The error event F. 15 can be divided in three error events
* F.214: it is not possible to find b; such that
N yvN [N [N N
(U267 X2 7U1c7 Ulpb) € Te (pU267X2=Ulc=U1pb)
* F.21p: it is not possible to find bo
N yvN [N [N N
(U2c7 X2 7U1c7 U2pb) € Te (pUZC7X27U1C7U2pb)'
* [, 21 . given that we can find b; and by satisfy the first
two conditions, we cannot find a couple (b1, by) such that
N yvN 7N 7N TN N
(U267 X2 y U1c7 Ulpb? U2pb) € Te (pUZC7X27UIE=U1pb1U2pb)'
We now establish the conditions that guarantee that the proba-
bility of error of each of these events goes to zero as N — oo.
For E. 21 , we have

such that

P[EE,Zl a] = (1 - Pr[(UéX(l)/Xé\T(L 1)/ UIJX(L 17b0)

?
NR/

Uﬁ;b(lv 1, b07 1, bl)) ¢ TeN(pUquzaUu,Ulpb)])2 i

where

Pr{(Up (1), X5 (1,1), U{Y (1,1, bo), Ui}y (1,1, b9, 1,b1))

¢ TGN(pU2ch2-,U1ch1pb>] > (1 - E)Q_N(I(Xz;UlpbIUQNU]()—HS)'
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As for E. o, this implies that Pr[E. 21 ] — 0 when N — oo if
(12b) is satisfied.

For F. »1 », we have that the probability of this event goes to
zero for large N given that (UL¥, X2V, UY) appear to be gener-
ated according to the distribution py,. x, r7,. and Uz is gen-
erated according t0 py, | U, X5,U . -

For E. 21 . we have

PlEe 21 o] = (1= Pr[(Ug0(1), X3'(1,1), UfL(1, 1, by),
UNp(1,1,b0,1,b1), Ui, (1,1, bo, 1,b2))
N(RY L HRY L)

¢ TEN (pUQC=<Y21U1C7Ulpb7U2pb) 2

where

Pr(Ugp (1), X5' (1,1), UL (1,1,bo), Uy, (1,1, b9, 1,b1),

Uzjgb(lv 1,bo, 1, bZ)) ¢ TEN(pU257X21U167U1pb7U2p1))]
> (1- E)Q_AT(I(UlpHXZ:UQpb‘UZC,UIC)'F(S).

This implies that Pr[E. 21 .] —0 when N — oo if (12¢) is
satisfied.

APPENDIX D
CONTAINMENT OF [16, TH. 1] IN RrTD

We refer to the region in [16, Th. 1] as Rpyr for brevity.
We show this inclusion of Rpyt in Rrrp with the following
steps.

* We enlarge the region Ryt by removing some rate con-

straints.

* We further enlarge the region by enlarging the set of pos-
sible input distributions. This allows us to remove the V7
and ) from the inner bound. We refer to this region as
R+ since is enlarges the original achievable rate region.

* We make a correspondence between the RVs and corre-
sponding rates of R\ and Rrrp.

e We choose a particular subset of Rrp, R%‘TD, for which
we can more easily show Rpyr € RO C Rz, C
RrrD, since REAGr and RI%. 1 have identical input distri-
bution decompositions and similar rate bound equations.
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Enlarge the region Rpmt

We first enlarge the rate region of [16, Th. 1] Rpym by re-
moving a number of constraints (specifically, we remove (2.6,
2.8,2.10,2.13,2.14,2.16, 2.17) of [16, Th. 1]). Also, following
the line of thoughts in [29, App. D], it is possible to show that
without loss of generality we can set X; to be a deterministic
function of Vi; and Vi, allowing us insert X; nextto Viq, Vio.
With these consideration we can enlarge the original region and
define R as in (39), taken over the union of distributions.

PWPVI PVIo P Xy |Vi1 Vi2 PVar [VinVie PVar | Vit Vi PXo[Vig Via Vi Voo o
(40)
For (39¢) we have

Ryy < I(Y1, Vig, Var; Via|[W)
=1(Y1, Var; V11| Vig, W) 4+ I(Vig; Vi1 |[W)
(Y1, Var; Vi1 | Vi, W)
(Y1-/V21;X17V11|V12-/W)
(Y1; X1, V11 [Via, Vo1, W) + I(Vay; X1, Vi1 | Via, W).

For (39¢) we have

Ri1 + Ryy + Ry, < I(Y1, Vig; Var, Vi [W)
+ I(Vig; Va1 [ W)

= I(Y1; Vi1, Var [Vig, W) + I(Via; Vig, Var [W)
+ I(Vig; Vor | W)

= I(Y1; Vig, Var [Vig, W) + I(Vig; Var [V, W)
+ I(Vig; Var [ W)

= I(Y1; V11, Var [Vig, W) + I(Viy, Viz; Var [W)

= I(Y1; X1, Vi1, Vo1 [Vi2, W) + I( X1, Vi1, Vio; Vo [W).

The original region is thus equivalent to the region in (41),
taken over the union of all distributions that factor as in (40).

Enlarge the class of input distribution and eliminate V7
and W. Now increase the set of possible input distributions of
equation (40) by letting V11 have any joint distribution with V5.

/

51 = I1(Var; X1, Vip, Via|[W) (39a)

9o =1(Vaz; X1, Vi1, Via|W) (39b)

Riy <1(Y1,Vig, Var; Vil [W) (390)

Ry + Ry <I(Y1, X1, Vi1, Vig; Var|[W) (39d)

Ri1 + Ro1 + Ry <I(Y1,Vig; Viy, Vor [W) + I(Viy; Voy [W) (39)

Ri1 + Ra1 + Ry + Ry <I(Y1; X1, Viy, Vg, Vor [W) + I(X1, Vi, Vig: Vi [W) (391)

Ras + Ry, <1(Y2, Vig, Vay; Vao|W) (39%2)

Ray + Ry + Ray + Ry <1(Ya, Vig; Vag, Var [W) + I(Vag; Var [W) (39h)

Ros + Ry + Ro1 + Ry, + Ria < I(Ya; Vag, Vor, Via|W) + I(Vag, Var; Vio|W) (391)
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TABLE VII
ASSIGNMENT OF RVS OF APPENDIX C

RV, rate of [16, Thm. 1]

Comments

RV, rate of Theorem 7
Usc, Rac Via, Ri2
Ute, Ric Va1, Ro1
Uipbs Ripy Va2, Rz
X25R2pa X{,R]_]_
ngb =0, Rlz p, =0 -
} —I(U107X2|U26) Loy
lpb = I(Ulpbs X2|U1C7 U2c)
X1 X2

— Ro1 = I(Va1; V11, Vi2)
L2 — Roo = I(Va2; V11, Vi2)

TX2 — RX 1,RX 2
TX 1 — RX 1,RX 2
TX 1 — RX 1
TX2 — RX 2

TX 1 — RX2
Binning rate
Binning rate

This is done by substituting py;, with py,,|v,, in the expression
of the input distribution. With this substitution we have

Pwpvy, |V12lesz1 Vi1 ViaPVoy | X4 Vi1 ViaPVas |X1,Vi1,Vi2
ng|X1,V11,V127V21,sz
= PWPVi2PViy X1 Vi PVor | X1, Vi1 Via PVas | X1, Vi1, Vo
PX5|X1,V11,Vi2, Vo1, Voo
= PWPVL DX |Via PVar | X V1o PVao | X! Via

DX, |X! Vi2,Va1, Voo

with X1 = (X1, V11). Since V15 is decoded at both decoders,
the time sharing random W may be incorporated with Vi

described in (41) is convex and thus time sharing is not needed.
With these simplifications, the region R}, is now defined as
the region in (42), taken over the union of all distributions

PV DX Vi PVoy | X Vi PVog | X1 V1o PX5 | X Vig, Va1, Var -

Correspondence between the random variables and rates.
When referring to [16] please note that the index of the pri-
mary and cognitive user are reversed with respect to our notation
(i.e., 1 — 2 and vice-versa). Consider the correspondences be-
tween the variables of [16, Th. 1] and those of Theorem 7 in
Table VII to obtain the region R{%;+ defined as the set of rate
pairs satisfying the inequalities in (43), taken over the union of
all distributions

without loss of generality and thus can be dropped. The region PU2ePXo| Uz PUL | X PUL 3 | X2 PXG | X2, U U “4)
Ry, =1(Va1; X1, Vip, Via|W) (412)

90 = 1(Vag; X1, Vi1, Via|W) (41b)

Ryy <I(Y1; X1, Vin|Vie, Var [W) + 1(Var; X1|Via, W) (41c)

Ro1 + Ry <I(Y1, X1, Va1, Vag; Var [W) (41d)

Ri1 + Ro1 + Ry < I(Y1; X1, Vir, Var|Vig, W) 4 I(X1; Var [W) (41e)

Ri1 + Ra1 + Ry + Ry <I(Y1; X1, Vay, Var, Vio[W) + I( X1, Vi, Vig; Vi [W) (411)

Ras + RYy <I(Y2, Vig, Var; Vao|[W) (41g)

Ras + Rhy + Roy + Ry <1(Ya, Vig; Vag, Var|[W) + I(Vag; Vor [W) (41h)

Ros + Ry + Ro1 + Ryy + Rio <1(Ya; Vag, Var, Vig|[W) + I(Vag, Vay; Via|W) (411)
Ry =1(Vay; X1, Vio) (42a)

R,y = I(Vag; X1, Vi2) (42b)

Ry <I(Y1; X1|Vig, Var) + I(Var; X1|Va2) (42¢)

Ro1 + Ry <I(Yy, X1, Vig; Var) (424d)

Ri1 + Ryy + Ry <T(Y1; X1, Var|Vig) + I(Xq;Vay) (42e)

Ri1 + Ro1 + Ry + Ryp <I(Y1; X1, Va1, Vi) + (X1, Vig; Var) (421)

Ras + Ryy <I(Y2,Via, Var; Vao) (42¢g)

Ras + Ryy + Roy + Ry <I(Ya, Vig; Voo, Var) + I(Vaz; Var) (42h)

Ras + Ryy + Roy + RYyy + Rip <I(Y2; Vao, Var, Viz) + I(Vaz, Var; Vi) (421)
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Next, we using the correspondences of the table and restrict
the fully general input distribution of Theorem 7 to match
the more constrained factorization of (44), obtaining a region
Rip‘:TD C Rrrp defined as the set of rate tuples satisfying the
inequalities in (45), taken over the union of all distributions
that factor as

PU>. X2 PU | X2 PU Ly | X2 PX 1| X2, Ure Uips *

Equation-by-equation comparison. We now show that
RO+ € R by fixing an input distribution (which are the
same for these two regions) and comparing the rate regions
equation by equation. We refer to the equation numbers directly
and look at the difference between the corresponding equations
in the two new regions.

* Equations (45c)—(45a) versus (43c)—(43a): Noting the can-

celation/interplay between the binning rates, we see that

((45¢) — (45a)) —
» Equations (45d)—(45a) versus (43d)—(43a):
((45d) — (45a)) — ((43d) — (43a))

= —I(X2;Urc) + I(Use; X2, Use)

= I(Use; Uc| X3)
=0

((43d) — (43a)) = 0.
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* Equations (45e)—(45a) versus (43e)—(43a): again noting the

cancellations,

((45e) — (45a)) — ((43e) — (43a)) = 0

* Equations (45f) versus (43f):

(45f) — (43f) =

» Equations (45g)—(45b) versus (43g)—(43b)—(43a),

((45g) — (45b)) — ((43g) —
—I(Xz;Ulc,Ulpb|U2c)
— I(Urp, Ure; Uze) + 1(Ure; Uze, X2)

+ I(Uipp; Uze, X2)
= —I(Uips, Uic; X2, Use) + I(Ure; Use, X2)
+ I(Urpp; Use, X2)
—I(Uipp; X2,Use) — I(Ure; Xo, Use|Urps)
+ I(Uye; Use, Xo) + I(Uspy; Uae, X2)
—I(Uie; X2, Use|Uips) + 1(Use; Uae, X2)
= —H(Urc|Uipp) + H(Urc| X2, Uze, Urps)
+ H(Uie) — H(U1e| X2, Use)
= I(Uic;Uipp) > 0

(43b) — (43a))

Rllc 1(Uye; Xo, Use) (43a)

1 p = 1(Usgi; Xa, Use) (43b)

Ropa + Ric + Ri. + Roe <1(Ya; Ui, Use, Xo) + I( X2, Use; Ure) (43¢)
Ropa + Ric + Ry, <1(Ya; X2, Uc|Use) + I(X2; Us.) (43d)

Ri.+ Ry, <1(Ys, X5,Us.; Ur.) (43e)

Rypa <1(Ya; X3|Use, Ure) + I(Use; X2|Us,) (43f1)

Rupp + Ry + Ric + Ry, 4 Roe <I(Y1; Uy, Ue, Uae) + I(Uspp, Ure; Uae) (43g)
Ric+ Ripy + Ry + Ry <I(Y1, Uze; Urph, Ure) 4+ 1(Urps; Use) (43h)
Ripy + Ry, <I(Y1, Uze, Ure; Urpp) (431)

te =1(Ure; X2|Use) (45a)

e+ Ry =1(Xo; Ure, Urpp |Use) (45b)

Rye + Ry + R2pa + Ry, <I(Ys; Use, Ui, X2) + I(Urc; X2|Use) (45¢)

Ropa + Ric + R, <I(Y2; Ui, Xo|Use) + I(Ure; X2|Use) (45d)

Ric + Ry, <I(Ya; Ure|Use, X2) + I(Ure; X2|Use) (45e)

Rope <I(Yo; Xo|Usc, Use) + I(Uye; X2|Uac) (451)

Ripy + Ry, + Ric + Ry, 4 Roe <I(Y1; Use, Ure, Urps) (45g)
Ric+ Ry + Ry + Ry, <T(Y1;Use, Uiy |Use) (45h)

R + Rlpb <I(Y1; Urps|Use, Ure) (451)
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where we have used the fact that Uy and U, are condi-
tionally independent given (Uz., X32).
* Equations (451)—(45b)—(45a) versus (431)—(43b):

((45h) — (45b)) — ((45h) — (45b) — (45a))
—I(Xz; Ui, U1pb|U2c) - I(Uzc; U, Ulpb)
I(U1pb; U2C7X2) - I(U1pb; UL:)
+ I(Ure; X2, Use)
= —1(X2,Use; Ute, Urps) + I(Upp; Uze, X2)
(Uipp; Ure) + I(Uze; X2, Uae)
= —I(Xo,Use; Urpy) — I(Ure; Xo, Use|Urps)
I(Uipp; Use, Xo) — I(Urpp; Use)
(U1C;X2 UZ(‘)
(
(

~
e

= —1(Uie; Xo, Use, Urpy) + 1(Ure; X2, Use)
= —I(Us X27U2c) _I(Ulchlpb|X27U2c)
+ I(Uye; X2, Us.)
=0

where we have used the fact that U;. and Uy, are condi-
tionally independent given (Uz., X32).
* Equations (451)—(45b) versus (431)—(43b)—(45a)(45a):

((451) (45b) + (45a)) — ((43i) — (43b))
I(Ulpb7X2|U2C7 Ulc) - I(U1pb; Us.., UL:)
+I(U1pbaX27U2c)
—I(Uipp; X2,Use, Ure) +

( I(Ulpb§ U267X2)
—I(Uipp; Urc|Uze, X2)

|
o

APPENDIX E

CONTAINMENT OF [12, TH. 2] IN RrTD

The independently derived region in [12, Th. 2] uses a sim-
ilar encoding structure as that of RrTp with two exceptions:
a) the binning is done sequentially rather than jointly as in
Rrrp leading to binning constraints (43)—(45) in [12, Th. 2]
as opposed to (11a)—(11c) in Theorem 7 . Notable is that both
schemes have adopted a Marton-like binning scheme at the
cognitive transmitter, as first introduced in the context of the
CIFC in [12]. b) While the cognitive messages are rate-split in
identical fashions, the primary message is split into two parts
in [12, Th. 2] (R1 = Ri1 + Rip, note the reversal of indices)
while we explicitly split the primary message into three parts
Ry = Ry + Rop, + Rapy. We show that the region of [12, Th.
2], denoted as Rcc € Rrrp in two steps.

* We first show that we may without loss of generality set

U1 = 0 in [12, Th. 2], creating a new region Rc.

* We next make a correspondence between our RVs and

those of [12, Th. 2] and obtain identical regions.

We note that the primary and cognitive indices are permuted
in [12].

We first show that U;; in [12, Th. 2] may be dropped
without loss of generality. Consider the region Rcc of
[12, Th. 2], defined as the union over all distributions
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of all rate tuples

PU10,U11,V11,V20,Va2,X1,X2PY1, Y2 | X1,X0
satisfying
Ry <I(Y1;V11,Uis, Vao, Uro)
Ry <I(Y2; Vao, Vaz|Uno)
— 1(Vag, Vag; U11|Us0)
Ry + Ry <I(Y1; Vi1, Ur1|Vao, Uro)
+ I(Y2; Vag, Voo, Uto)
— I(Vag; U1, V11| Vao, Uro)
R1 + Ry <I(Y1; Vi1, Ur1, Voo, Uro)
+ I1(Ya; Vaa|Vag, Uro)
- I(V22;U117V11|V20,U10)
2Ry + Ry < 1(Yy; Vi, Uin, VaolUro)
+ I(Y2; Vag|Vag, Urp)
+ I(Y2; Vag, Va2, Uro)
— I(Vaa, Vag; Ur1|Uso)
— I(Vao; Ur1, V11| Vao, Uro)-

(462)

(46b)
(46¢)

(46d)

(46¢)

Now let R be the region obtained by setting Uj; = 0
and V/; = (Vi1,Uy1) while keeping all remaining RVs
identical. Then R is the union over all distributions
DU VY, Voo, Vaz, X1 X PY1 Y2 | X0, X, With Vi = (V11,Unz) in
Rcc, of all rate tuples satisfying

Ry <1(Y1; Vi1, Uts, Vao, Uro) (47a)
Ry < 1(Y3; Vag, Vaa|Utg) (47b)

R1 + Ry <I(Y1; Va1, Ur1|Vao, Urg) + I(Y2; Vaa, Vag, Uro)
— I(Vaz; Ury, V1|V, Uto) (47¢)

Ry + Ry <I(Y1; V11, Urr, Vao, Uro) + 1(Ya; Vaz|Vao, Uso)
— I(Vaz; Uy, V1| Voo, Uto) (474d)

2Ry + Ry <1(Y1; Vi, Utr, VaolUro) + 1(Yz; Vaz|Vao, Uto)
+1(Y> — I(Vaz; Ur1, V11| Vao, Uto).
47e)

; Voo, Vaz, Uo)

Comparing the two regions equation by equation, we see that

* Equation (46a) = (47a).

» Equation (46b) < (47b) as this choice of RVs sets the gen-

erally positive mutual information to 0.

* Equation (46¢) = (47c¢).

* Equation (46d) = (47d).

* Equation (46e) < (47e) as this choice of RVs sets the gen-

erally positive mutual information to 0.

From the previous, we may set U1 = () in the region Rcc of
[12, Th. 1] without loss of generality, obtaining the region R
defined in (47a) —(47¢). We show that R~ may be obtained
from the region Rrrp with the assigment of RVs, rates and
binning rates in Table VIIL

Evaluating R defined by (47a) —(47e) with the above as-
signment, translating all RVs into the notation used here, we
obtain the region

120 (48a)
Rllpb + Rl?pb Z I(Ulpb; U2pb|U2c7 Ulc)
(48b)
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TABLE VIII
ASSIGNMENT OF RVS OF SECTION V-B
RV, rate of Theorem 7 RV, rate of [12, Thm. 1] Comments
Uszc, Rac Uio, Rio TX2 —- RX 1,RX 2
Xo =Usze, Ropa =0 U1 =0 TX 2 — RX 2
Uie, Ric Va0, R20 TX 1 —- RX 1,RX 2
Uipbs Ripb Va2, Ra2 TX 1 — RX 1
U2pb7R2pb Vi1, Ru1 TX 1 — RX 2
L2o — R20
Rllpb Loz — Ra22
2pb L1 — Ry
X1 X2
X, X,
Ropy + Ry, < I(Yo; Uzpy|Use, Use)
(48¢)
R2pb + RIZpb + Rlc + Rllc S I(Y27 Ulc7 U2pb|U2c)
(48d)
R2pb + RIQP[, + Rlc + Rll(- + R?c S I(YQa U1c7 U2(37 U2pb)
(48e)
Rlpb + Rllpb S I(Yla Ulpb|U2c7 Ulc)
(481)
Rlpb + Rllpb + Rlc + Rllc S I(Yla Ulpln Ulc|U2c)
(48¢)
Ripp + Rllpb + Ri. + Ry, + Roe <I(Y1;Urpp, Ure, Use).
(48h)

Note that we may take binning rate equations R}, > 0 and
Ry + Ry, > 1(Uspy; Uaps |Use, Use) to be equality without
loss of generality—the largest region will take R}, R}, R5,,
as small as possible. The region Rrrp with Rapq = 0

Ri.>0 (49a)
Ri, + Ry, >0 (49b)
R+ Ry + Ry > I(Uspe; Usps|Use, Uie)
(49¢)
I(Y2; Ugpp|Uae, Use)
(49d)
I(Y2; Uie, Ugpp|Uae)
(49¢)
I(Yz; Uie, Use, U2pb)
(491)
I(Y1; Uiy |Use, Ure)
(492)
I(Y1; Urpp, Urc|Uae)
(49h)
<I(Y1;Uipp, Ure, Uae).
(491)

Ropy + Ry, <

Ropp + RlZpb +Ri.+ R, <

Ropy + Ry, + Ric + Ry + Rae <
Ripy + Ry, <

Ry + Ry + Ric + Ry, <

Rlpb + Rllpb + Rlc + Rllc + RZC

For R}, = 0 these two regions are identical, showing that Rrrp
is surely no smaller than R . For R}, > 0, Rrrp , the binning
rates of the region Ryrp are looser than the ones in R¢ . This
is probably due to the fact that the first one uses joint binning

and latter one sequential binning. Therefore Rgrp may produce
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rates larger than Rcc. However, in general, no strict inclusion
of Rcc in Rrrp has been shown.

APPENDIX F
CONTAINMENT OF [13, TH. 4.1] IN RrTD

In this scheme, the common messages are created indepen-
dently instead of having the common message from transmitter
1 being superposed to the common message from transmitter
2. The former choice introduces more rate constraints than the
latter and allows us to show inclusion in Rrp.

Again, following the argument of [29, App. D], we can show
that without loss of generality we can take X; and X5 to be
deterministic functions. With this consideration we can express
the region of [13, Th. 4.1] as

'22 > I(Wy; Vi, X1|U1,U2)  (50a)
Ry, + Ry > I(Wo; Wy, Vi, X1|Uq, Us)
(50b)
Ry + Ry <I(V4, X1, Wi Y4 |UL, Us)
(50c¢)
Ri2 + Riy + R}y <I(Uy, Vi, Xy, Wi Y1 |Us)
(50d)
Ro1 + Ri1 + Ry <1(Us, Vi, X1, W1; Y1 |Un)
(50e)
Ris + Ro1 + Ri1 + Ry <I(Up, Vi, X1, W1,Us; Y1)
(501)
Ros + R/22 < I(Wy; Ya|Uy, Us) (50g)
Ro1 4+ Raa + Ryy < I(Usz, Wo; Ya|Un) (50h)
Ria + Ras + Ry, < I(Ur, Wo; Y2|Us) (501)
Ris + Ro1 + Ros + Ryy <I(Uy,Us, Wa;Y3) (50)

taken over the union of all distributions

PUPVL|ULPX,|V1, UL PUPWy W | Vi Uy, Us PX o |Wy ,Wa, Vi, Uy ,Us
Pyq,v5| X1, X0

for ( /11, RIQQ, Ri1, Ry2, Roq, R22) € Ri
We can now eliminate one RV by noticing that

PUPvi|UL PX | V1, Ui PU PWy ,Wa | Vi, Uy Ua PXo |We ,Wo, Vi, UL, Us
Pyy,v21X1,X,
= PU PV, X1 |U PUs PWy W |V, Uy, X1,Us PXo|Wy ,Wa, Vi, U1, X1,Us

Pyy,v5|X1,X0
and setting V' = [V1, X1], to obtain the region

Ry > I(Wo; VY |Uy, Un)
R, + R},
R11+R11 <I Vll,Wl;Y1|U1,U2) (510)

( (51a)
> 1I(
(
Ris+ Ryy + Ry < 1(Uy, V], Wy; Y1|Us) (51d)
( )
(
(
(

Wo; Wh, VU1, Us) (51b)

Ro1 + Ri1 + Ry <I(Uy, V{,W1;Y1|U1) (Sle)
Ri2 + Ro1 + Ri1 + Ry <I(Uy,V{,W1,Us; Y1) (51f)
Ras + Ryy < I(Wa; Ya|Uy, Us) (51g)

Ro1 + Ros + RYy <I(Us, Wy Ya|Un) (51h)
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TABLE IX
ASSIGNMENT OF RVS OF APPENDIX F
RV, rate of Theorem 7 RV, rate of [13, Th4.1] in (51) Comments
Uzc, Rac Ui, Ri2 TX2 — RX 1,RX 2
X2, Ropa V{,Ru1 TX 2 — RX 2
Uic, Ric Uz, R21 TX 1 — RX I,RX 2
Uipb, Ripb Wa, Ra2 TX 1 — RX 1
Uapps Ropy = 0 Wi TX 1 — RX 2
Ne L2o — R20
R:lpb R:22 = L22 — Ra2
R2pb R}y =L — Rn
X1 XO
X2 X1

Ri2 + Ros + Ry <I(Uy, W, Ys|Us)
Ri2 + Ro1 + Roy + Ryy <I(Uy,Us, Wa; Y2)

(51i)
(51j)

taken over the union of all distributions of the form

PU PV} UL PU PWy W2 | V] UL, U2 PX o |[W1 , W2,V U, U2 PY1,Y2 | V], X0 -

We equate the RVs in the region of [13] with the RVs in Theorem
7 as in Table IX.

With the substitutions of Table IX in the achievable rate re-
gion of (51), we obtain the region

llpb ZI(Ulpb;X2|UQC,U1C) (523)
Ry + Ry > 1(Unys; Uzph, Xo|Use, Use)

(52b)
Ropa + Ry < I(Xa, Uzpy; Ya|Use, Ut
(52¢)
Rac + Rapa + Ry <I(Use, Xo, Uap; Ya|Ule)
(52d)
Ric+ Ropa + Ry < I(Ure, Xo, Uayi; Ya|Use)
(52e¢)
Roc + Ric + Rapa + Ry < I(Use, X2, Ui, Ugpi; Ya)
(52f)
Ripy + Ry < I(Urpy; Y1|Use, Ure)  (529)
Ric+ Ry + Ry, <I(Use, Urpy; Y1|Use)  (52h)
Roc + Ry + Ry, < I(Use, Uryy; Y1|Ure)  (520)
Roe + Ric + Ripy + Rllp;, <I(Use,Ure, Urpp; Y1) (52))

taken over the union of all distributions of the form

PULPU2PX5|Us PUL Ly Us i | U1 e, U, Xo PX 1 |Us e, Ur e ,Un pp Uz *

Set Rapy, = 0 and Rj, = I(Uyc; X2|Us.) in the achievable
scheme of Theorem 7 and consider the factorization of the re-
maining RVs as in the scheme of (52), that is, according to

PULPU2.PX3|Use PU1 1 Uaps |Usre,Uze , X2 PX1|Use ,. X2, Ure, Ut s, Uaps *

With this factorization of the distributions, we obtain the
achievable rate region

/10 :I(Ulc;X2|UQC) (533)
llpb > I(Urpp; X2|Use, Ure)  (53b)

b + Bopp > I(Usp; Xo, Uaps|Uae, Use)
(53¢)
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Ropa + Ry, < 1(Ya; Xo, Uapp|Use, Une)
+ I(Uye; X2|Use) (53d)
Rlc + R?pa + R,2pb S I(YQa Ulm X27 U2pb|U2c)

(53¢)
RQC + Rlc + RZpa + Rlzpb S I(YZ’ U2pb7 Ulc7 U267 X2)

(531)

Ry + Ripb <IY1;Uipp|Usc,Ure)  (53g)

Ric+ Rippy + Ripb <I(Y1;Uie, Uips|Uze)  (53h)

Roe + Ric + Ripy + Ry <T(Y1;Use, Ure, Ungp). (531)

Note that with this particular factorization we have that
I(Uy.; X2|Us.) = 0, since X5 is conditionally independent of
U, given Us..

We now compare the region of (52) and (53) for a fixed input
distribution, equation by equation:

(53b) = (52a)
(53¢) = (52b)
(53d) = (52¢)
(53e) = (52e)
(53f) = (52f)
(53g) = (52g)
(53h) = (52h)
(531) = (52j)

We see that (52d) and (521i) are extra bounds that further restrict
the region in [13] to be contained in the region of Theorem 7.
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