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Why is the two-way problem so hard!?
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Capacity known for certain examples where
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When is capacity known

When
adaptation is
useless (does

- not increase
Two-way  push-to-talk™ channel capacity)!

Parallel two-way channel
Binary modulo 2 adder channel

Two-way restricted channel

Two-way Gaussian noise channel

When is capacity unknown

When

adaptation
is useful?

General discrete memoryless channel
Binary multiplier channel
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VWhat about two-way
interfering networks?




Do there exist / when is

Iwo-way capacity

One-way =
One-way &

(as in two-way binary adder, two-way Gaussian channels)




Results: Capacity achieved without adaptation for:

[Cheng, Devroye, Allerton 201 [ ]

[Cheng, Devroye, ISIT 2012]
[Cheng, Devroye, submitted IT Trans., 201 2]

v Node 1
12 ———pp
L

Node 2 o @ Bi
e e Tt Binary adder channel

Mo “TMadks @ Linear deterministic channel (models
M SR Gaussian noise channel at high SNR)

(a) Two-way MAC/BC

Node 1 Node 2 o —
—p Mo M3o

X1 Vi X2, V2] %, © Binary adder channel

\ Nodo 4 @ Linear deterministic channel
M32M34 ode 3 ode ]\/4\
Vo T X3, Y [+ X4, Yy <<,

(b) Two-way Z channel

© Binary adder channel (always)

© Linear deterministic channel (only with
restricted interaction!)
© Constant gap certain Gaussian channels
(with/without restricted interaction!)

(c) Two-way interference channel
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Two-way interference channel related work

One -way IC

g [El Gamal, Costa 1982]

. [Bresler, Tse 2008]
@ —_— @ . [Etkin, Tse, Wang 2008]

5 messages

..................................

Nahid, suh, | ¢ R ]
Avestimehr 2012] : @ —_—>

.................................
..................................

§@~@?

:[Yang, Tuninetti
. 2011]

[Prabhakaran,
. Viswanath

..................................

2 messages

201 1] @

One -way IC with interfering FB  [Suh,Wang, Tse 20I2]

(two way interference channel)

@ — OO —0
Backwards A feedback ,
(Backwards 1-A independent messages)

@—>@@<—@

two out of band interference channels

2 messages

One-way IC with FB

----------------------------------

..................................

[Cheng, Devroye
: sub.Trans IT, 201 2.

@ On Arxiv]

---------------
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Two-way Modulo 2 Adder IC

M12 R12 ]@
mW<—= M Yi=X1® X ® Xy

21 R21 21
Y2 — Xl QP X2 S, X3
R Y3 :X2@X3€BX4

M3y Sl Mo
Mys - Mys Y4 :Xl@XS@XZL-

Theorem 2: The capacity region of the two-way modulo 2 adder inter-

ference channel is the set of non-negative rate tules (Ri2, R21, R34, R43) such
that

—>» < Rp+Ryuu<l >
«— < Ry +Rp<l. >

~—
pd
~—

—~
(\)
~

Adaptation useless (can not increase capacity)!

Achievable via time-sharing, cut-set outer bound or
directly via alternative proof (see arxiv)
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Two-way linear deterministic IC

Mo Ri9 Mis N = max(ni1, no2, N33, N4, N12, N21, N32, N23, N14, 41, N34, N43)
— < > N-— N-— N-—
Ma: Ry Mz Vi=5"""X + 57X+ 57Xy

Yo = SN2 x, 4 §N-n22 x4 gN—na2
Yy = §N-nesx, 4 gN-nas x4 gN-nas x

R34 —
]EAL < Mz N—n N—n N—n
Mys Rus My Y4 — S 14)(]_ ‘I_ S 34X3 ‘|_ S 44X4

If partial adaptation: "
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Then capacity:

6%12 < niz, Rzs < naa, h (RZI < ng1, Raz < nas R
Ris + R34 < max(niz, naz) + [nzs — naa] ™ Ro1 + Rus < max(na, na1) + [nas — na1] ™

Ri2 + Rss < max(nsa,nia) + [ni12 — 7114]Jr Ro1 + Ra3z < max(nas,nas) + [n21 — n23]+

Ri2 + R34 < max([niz — n14]+, ns2) + max([nss — n32]+, Ni4) R21 + R4z < max([n21 — n23]+, na1) + max([n4s — n41]+, n23)

2R15 + R3s < max(niz, nsz) + [n12 — nia]t + max([nas — ns2] ", n14) 2R21 + Ras < max(na1, na1) + [n21 — nas]™ + max([naz — na1] ™, nas)
Ri2 + 2R34 < max(na4,nia) + [n34 — na2]t + max([nia — n1a] ", n32) Ro1 + 2R43 < max(nas,n23) + [naz — na1]” + max([n21 — nes]™, nar)
g (A) IC in =» direction )L (B) IC in <€ direction y
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ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

Partial adaptation key lemma:

ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

Partial adaptation conditions

Lemma: Under partial adaptation conditions, for some deterministic functions f5
and f67

Xo i = fs(Myo, Moy, Msy) L Mys, Vi
Xygi = foe(Myg, M3y, Myo) L Moy, Vi

where | denotes independence.

Central to many of the partial
adaptation converses!
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Two-way linear deterministic IC

M, Ri9 Mo N = max(ni1, no2, N33, N4, N12, N21, N32, N23, N14, 41, N34, N43)
— < > N-— N-— N—
Ma: Ry Mz Vi=5"""X + 57X+ 57Xy

Y2 — SN—TI12X1 _|_ SN—TL22X2 _|_ SN—?’L32X3
R34 - Y3 — SN—’TL23X2 _|_ SN—n33X3 _|_ SN—TL43X4

M3y — > M
M43 R43 M43 4 — 1 _I_ 3 —|_ 4

I0ON® X1 = f1(Mia, Y{71) Xoi = f1(Ma1, Yy ")
It FULL adaptation: Yo = AV Vi) Xt =AMy Vi

Then we still have the outer bounds:

vl : rvilzy  xvo4 : ruoay R12 S max(nlg,n43), R34 < max(n34,n21) 4VLL T Y4y Av4d S 1vad R21 < max(ngl,n34), R43 < max(n43,n12)
+
Ris + R34 < max(niz, naz) + [n3s — naa] ™ R21 + Ra3 < max(ne1,n41) + [n43 — nai]
+
Ri2 + Rss < max(nsa,nia) + [ni12 — 7114]Jr Ro1 + Ras < max(nas, nag) + [n21 — nas]
D Do vnavllm AT o N e T a1 Rod P ol o It 0 N ol o 1t
e P S L e N R TULa] 9 rvO4 ) 1 messas(rvoa Tvo4] g rviwy NI UT R (LY s TYao ] 7 tEELy T SEEEREAL RO VRIL Yy ey
AD D ef N 0 T R S SR 2 R SR G 1 D) comemceallom om0 e B e T L.
U] g ] Luy4g > Lllwxx\'ulé, 1004/ ] LIUJ_A ruJ_L_tJ | *“"-‘“‘\L'UOQ IUOAJ 9 IUJ_LJ:/ _—_—vaa I s VE9 o AEAEVEER\TY4Ll ) YRl ) I L*v<«L Y49 | 1 EEEIVLRN LT VEOD fYaEd | ) "VLo )
D L aD Y N T T ] o o1+ N ) Y » T SRR W 1t T ~ 1t 0\
LULZ | ALU34 S L\ 1ug4 .y 1v14 ) | [1vs4 1v32Z | (R N N rvig) 132 Lzl 1 “LLuvgs = Han\rv4sy rvzs ) 1 |[1v4os rval | | A rezl rvzs] oy 'val)
\ \< X)) I~ aix V A & S S A A VE AW § J k \_l_}} AU 111 ¢ uUuli1cCuuvivuvll )
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*One¥* open problem (least ambitious):

Existing outer bounds under FULL adaptation:

( \ ( D o D o \
Z?lé : Wiz, Z?«H : TUou, R12 S max(nlz,n43),R34 S maX(n34,n21) LUzl s tvzly xvao s rvad Rgl S max(ngl,n34),R43 S max(n43,n12)
_|_
Ri2 + R34 < max(niz,n3z2) + [nga — 7’L32]+ Ro1 + Raz < max(nai, nai1) + [nas — nai]
_|_
Ri2 + R3s < max(nsa,nia) + [n12 — n1a] ™t R21 + Ras < max(nas, nag) + [n21 — nos]
D | D e vnoollm 1+ - \ N 4 U & R R | R.. « vavlln o o 1+ "~ \ Y4 U m.<1+ " \
SEN\TALzel U SINMRIEE o SEEASemIa\(|[V ALz L4k | vou (e WA TrvOL y rvaiay TS R (L eTes “9 ] ° POTTEETTANL TREY T | °
an s T / T Nt T 1t 27 > T > B ¢ S W N ¥ NPT ¥ SN b s B2 /4 ¥ NUURT S UN b PR
d XU 4% _\ . \ 47 4/ L I(/lLkJ 1 LLLWJ\\LIUOL& IUOAJ ,'Ul&/ - V4L I - vao - """V"“\"’éLj "“‘J:L/ I L"’é,L AUJ 1 """V"“\L""'tu A B J 9 LU
oS & ) o N T 2 o+ D L aD _ (. N o T 1t T 1t N
~ 4 > (SN 4, 4) 1 1S4 132 | | Ltran (el rei4| 41032 tesl 1 &Lvds = G\ rea J b L'vEs rval | I rezl vis] oy 'val)
{ AN T 50 o A3t s~ ( TO\ Tor\ ° h K
k \ <L) L~ 111 £~ AL v uvanaa J \ \J_J} A/ 111 ull U\/ULUJ.L )

| What is the general capaaty reglon of Ilnear determlnlstlc two-way IC

= e _— — — —— - — R p— S .

Key technical issues:

Fully adaptive version of ETWV-type outer bounds not clear (tried!)

What type of adaptive scheme achieves capacity!?

So many channel gains in asymmetric case: how to make sense!?
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Full adaptation example converse:

n(Rm + R34 — €)

(M12; Yo Moy, Mys) + I(Msy; Yf@Mm, My, My3)
M12; Y2n|M21, M43) + ](M34; Y2n|M21, M12, M43> + H(Yf\Mm, M12> M43> an)

I/\ I/\@

=

I(
](M12; Y Moy, Mys) + I(Msa; Yo' | Moy, Myg, Mys)

[H(SN_”34X3,z'\M217 Mz, Mus, Y, X5, Yy X?,

1

_|_

(

< [H(%,Hyzi_la Moy, X%) — H(Yzi\yzi_l, Mo, Moy, Mys) + H(YQ,iD/Qi_l) Mo, Moy, Mys)

-

o

/L_

H(SN_n34X3,i|M217 M127 M437 Yzf_la X:L) SN_leXIL + SN_RQQXS + SN_nngg’;L) ng7 X{)]

IA

D H(SN X+ SN X )+ H(SY T X SN TR X )]

n(max(nis, n3y) + [ngs — n3a|™)

IA

Given Mo, X3, X}, we can construct Xj.
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Remark on partial adaptation:

R Xl,i — f1 (M12), X2,7L — f2(M217Y2i_1)

Adaptation useful in general!
Routing via interference!

However, it is sometimes useless!
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Symmetric two-way linear deterministic

Notice symmetry!

Define: Cjym(a) = H2fs = fadia o = L

2 2

1IC
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Let’'s compare Csym for 4 models:

One -way IC One-way IC with FB

, [Bresler, Tse 2008] D k
@ | @ + [Etkin, Tse, Wang 2008] : ‘ I . [Suh,Tse 201 1]

....................................

2messages ' I
One-way IC with rate-limited FB E

R e LR PR PR P PP PN ‘ 2 messages

---------------------------------

[Vahid, Suh, . — e — -
Avestimehr 201211 ¢ R |

5 @ — @ T.‘f‘(?.‘.".’??’..'.? ..................

.....................................................................

2 messages 4 messages
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Symmetric sum-rate capacity comparison:

= One-way IC with perfect feedback

B One-way IC = Two-way IC with partial adaptation
One-way IC with rate-limited feedback
Two-way IC with full adaptation

1.2

0.4
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So far all

ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

Two-way capacity

One-\Tvay ->
One-way &

ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

for deterministic models

What about noisy channels?




Gaussian two-way IC

Node 1 Node 2 _—
M21<— «—| X1, Y| X5, Yz —

\
€ 720X + g32X3 + 22
\ =% — (23 X2 + g33 A3 + gu3Xa + Z3
= Yy =914Xq + 934 X3+ gaa Xy + Zy,

where g are the complex channel gains, E[|X;]?] <1, i.i.d. Z; ~CN(0,1)
and SNRji, = |g;x|*, INRjx = |gj|’
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Theorem: Quter bound: full adaptation. For the Gaussian two-way symmetric
Rio+Rss __

IC under full adaptation, any achievable symmetric rate Ry, = 5

Rzl;rRzls7 achievable by each user, satisfies,

1 1 SNR
Rsym < =log (1 + SNR + INR + 21/SNR x INR) + = log ( 1 1
. _20g(+ + INR + 2/ )+20g<+1+INR> (1)

same as perfect output feedback sum-
rate, though arrived at differently!

Open problem: more computable Gaussian full-
adaptation bounds?
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1 SNR
| 1 + SNR + INR + 24/SNR x INR — 1 1
og(+ + +2v/ )+20g(+1+INR>

n(Ri2 + Rzs — ¢€)
< I(Mio; Y5 [ Moy, Mz, Z7') + 1(Msa; Yf@Mm, Moy, Mys, Z7")
< I(Ma2; Y5 | Moy, Mys, Z7') + I(Msa; Yo' | Moy, Mig, Mug, Z7') + H(Y,"[Ma1, Mi2, Mys, Y5, Z7) — H(ZY)

(g) I(M123 YQn‘Mgl, Mys, Z?) + I(M34§ Y2n|M217 M2, Mys, Z?)

+ > [H(gsaXs,; + Zai| Moy, Mio, Mys, Y71, X5 (V) X7, Z{L@] — H(Z})
i=1

(b) | .
< [H(YaulYy ' My, Xo;) — H (YW Zy
1=1
+ H(YW, Z7) — H(Z2,;) + H(g34 X3 + Z4.:| X4 8032 X34 + 2o X, X)) — H(Zy,)]

(a): X? is constructed from (M9, X3, X%, Z1).

Wednesday, July 25, 2012



Theorem: Outer bound: partial adaptation. For the Gaussian two-way 1C under
partial adaptation, in addition to the bounds in full-adaptation Theorem, we
may also conclude that any achievable rates (Ri2, Ra1, R34, R43), and Rsym— =

RlQ;R“ and Rgym— = R21§R43 must satisty,

R12 < log(l -+ SNR12) (1)
R21 < log(l -+ SNRQl) (2)
R34 < log(1 4 SNR34) (3)
R43 < 10g(1 —+ SNR43) (4)

same as Etkin, Tse,Wang
Rupm_. < 1log [ 1+ INR + SR — o x SR (5)

= 1+ INR
log (14 INR+ 22), if SNR < INR’

<

Roym— <9150 (1 4 (/SUREVINR)” ) . if SNR > INR? (6)

X1 = f1(M12),§ Xoi = fo(May, Yy )
- X34 = fa(Mss),: Xy, = fa(Mys, Y~

If partial adaptation:
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ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

Partial adaptation key lemma:

ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

Partial adaptation conditions

Lemma: partial adaptation Gaussian two-way IC. Under partial adaptation,
for some deterministic functions f5 and fg,

Xo; = f5(Mya, Moy, M3y, Z5~ ') L Mys, Vi
Xy = fo(Myz, Mg, Myo, Z27 ") L Myy, Vi

where | denotes independence.

Central to many of the converses!
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INR X SNR
1 4+ INR

Raym— <log |1+ INR + SNR —

Proof (details available in arxiv):

n(Ryp + Ry —€) < I(Mi2;Yy', g1a X7 + Zy', Moy, Myz) + I(Mzs; V)", 932 X5 + Zy', Moy, My3)

W H(YP\g1aX] + 25, Mag, Ma) + H(g1a X} + 23| Mas, May) — H(Y3', gua X} + Z7|Miz, Moy, Mag)

+ H(Y"|g32 X5 + Z3', Mys, Ma1) + H(g32 X5 + Z3'|Mag, M) — H(Y,", g32 X3 + Z5 |Msa, Moy, Mas)

@ H(Y3 914 X7 + Z3, Muz, May) + i[H(QMXl,i + Z4,i\g14Xi’71 + Z07 Mys, My, Msy)
i=1

— H(Y2,,914 X1, + Z4A,7‘,|Y2ifl,914X{71 + Zfl, Mo, MQl,JW43.,X§7 Xf)]

+ H(Y|g32 X3 + Z3', Myz, May) + i[H(g.‘SZXIS,i + Zz,i|g32X§71 + 25717 Mysz, Moy, Mi2)
i=1

— H(Ya,i, 932 X3, + Zoi|Ye ', g3 Xi™t + Z471, Mg, Moy, Myz, X3, X3)]

D H (Y g1a X7 + 25, Mug, May) + Xn:[H(gMXM + ZailgraXit 4+ Z7t, Mug, Moy, Msy, X5, V71 X4
i=1

3o Xt + ZEY) — H(g32 X3, + Zoyiy ZailYe b gua Xt + Zi Mg, Moy, My, X5, X1, g3 Xe74 4+ Zi71)

+ H(Y["|g32 X5 + Z3, Myz, Moy) + i:[H(QSZX&i, + Z2A,i|g32X§_1 + Zé_ls Mys, le,]\/flzﬁXf, 1/;_1, Xé,

i=1

quXiT + Z0Y) — H(guaXu + Zagy Zoi| Vi 932 X7+ Z57Y, My, M1, Mug, X5, X5, g1aXi™t + Zi7h)]

n

d i i

DS H (Yol Vi, g1aXP + 25, Mas, Moy) — H(Zo) + H(Yaa|Yi™", gsa X3 + 25, Mys, Moy) — H(Zy,)]
i=1

< Z[H(HIZXL'L' + 932 X3, + 22,1914 X1, + Zai, Xoi) — H(Z2,)
i=1

+ H(934 X3, + 914X 1,5 + Za,i|932 X35 + Z25, Xa,i) — H(Za)] (1)

|) Inspired by the outer bounds for the linear deterministic model.

2) Start with Fano’s inequality and provide side information.

3) Use the definition of partial adaptation.

4) For evaluation, algebra with correlation coefficients.
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n(Ro1 + Ruz — €) < I(Ma1; YT", 923 X3 + Z3', Mg, Msg) + I(My3; Y3', gu1 Xy + Z7', M2, Mss)
= H(Y"|g23 X3 + Z5, My, M12) + H(ga3 Xy + Z3| Mg, M1o) — H(YY", g23 X3 + Z3'| Moy, Mg, May)
+ H(YS g X7 + Z7, Msg, Myo) + H(gu Xy + Z7 | M3y, Mio) — H(YS', g X7 + Z7 | Mus, Mio, M3y)

@ H(Y"|g23 X3 + Z5, M3y, Mi2) + Z[H(923X2,i + Z3,i‘923X£71 + Z:Z;l, Msy4, M2, My3)
i=1
— H(Y1.i,923 X0 + Z3i|Vi ™, goaXit 4+ ZE71 Moy, Myo, May, X3, ZE71 X3)]

+ H(YS g Xy + Z7, M3y, M) + Z[H(941X4ni + Zl,i|g41Xi_1 + Z{_l, Msyq, Mo, May)
i=1

lOg (1 _I_ INR _I_ %g:) ’ if SNR S INR3 *H(Yamgqul,i+Zl,i\1‘f717941Xi;1+Zi'*l-,M43~,1‘11271\4347)(57251»)(@]

RS < /SNR+/INR 2 — H(Y{'|gas X5 + 25, Maa, Mys) + 3 [H (925 X + Zoalgzs X5~ + 257, Maa, Mys, Mg, Zi", g X3~ + 21
og (1+ if SNR > INR
1+INR ?

1
X5, X4, YY) — H(gn Xai + Zri, Zsa|Y{ ™', 923 X5 + 2571, Moy, Mag, Mag, Z3~ ', X1, X5, gn X5~ + Z171)]

+ H(YJ g X§ + 27, Maa, Mio) + > [H(gar Xai + Z1ilgn X5+ 27", My, Mig, Moy, Zy™", gos X5 ' + 23~
i=1
X1, X5, Y7 ™Y) — H(g23 X0, + Za.i, Z1alYs ' gan X4~ + Z17 1, Mug, Mg, May, Z3 ", X5, X4, 923 X5~ ' + Z571)]
= Z[H(H,i\yli71;923X§L + Z3, Mag, Mys) — H(Z1 ) + H(YslYs ™", a1 XJ' + 27, My, Mo) — H(Z3,)]
i=1
< Z[H(gmxzi + 9 Xus + 2140923 X0 + Z34, X1,4) — H(Z13)
i=1

+ H(gasXa,; + 923X, + Z3 3901 Xai + 214, X3,:) — H(Z3,;)) (1)

Proof (details available in arxiv):

Differences compared to the previous outer bound:
|) Use the lemma.

2) Evaluation: The correlation coefficient between X2 and X4 is not 0.

v/SNR X INR)

‘)\24‘ — min(l, INR2
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Symmetric H+K scheme of Etkin, Tse,Wang
achieves the following gaps:

Two-way Interference Constant Gaps per user per direction, in bits (to outer bound)
Very Strong 0 (partial)
Strong 1 (full)

INR < 1 1 (full)

HK1 1s active 1.5 (full)

Weak INR > 1 — direction I (partial)

HK?2 is active | « direction | SNR < INR® | 1 (partial)

SNR > INR® | 2 (partial)

TABLE I
CONSTANT GAPS BETWEEN NON-ADAPTIVE SYMMETRIC HAN AND KOBAYASHI SCHEMES IN EACH DIRECTION AND PARTIALLY OR

FULLY ADAPTIVE OUTER BOUNDS FOR THE TWO-WAY GAUSSIAN IC.
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Conclusion

Y Node 1 . M Node 1 Node 2 ]\/4\
12— Mo M. — 12

1 -— X1, Y] —p Y12 £32 — > —

My Ll Node 2 <—My, Mas May Xl’ 1§l X2’ Yo < Moy

Node 3 X27 Y2 -

WED = v I \ Node 3 Node 4 .

X3, Y- —» V34 34—p) — M3,

Mo 3 3 +—My3 My X3, Y3 |+ X4, Yy <+ My

(a) Two-way MAC/BC (b) Two-way Z channel (c) Two-way interference channel

Adaptation appears to be useless when:
(a) Can cancel “self-interference”

(b) No coherent gains to be had
(c) No “routing” (interference is good!) possible

In general, when in adaptation useless in two-way networks?

devroye@uic.edu
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