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Key idea

Option 1: transmit equations

U] =a11W1 @D a12Wa
Uy =A21W1 D G22W2

U] —a11W1 D a19Wao

(it matrix A invertible)

(allowable equations or MAC

with common messages
U =021W1 D A2aW2 ges)

N
&

Option 2: extract directly
over the air!
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INnverse

Combine for a Compute and forward to
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Compute and forward to decode awy @ bwo
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Problem statement

kl . L TLRl
W]_ E Fq 9 for q prlme7 k]— T 10g2q ‘ ‘ .:.j

U] —a11W1 D a12Wo

O\ o A = { 911 412 } is tull rank over F,,.
a21 A22
O/O e O denotes finite field addition

Uo =021 W1 D A22W2

(zero-pad)
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Approach 1: allowable equations

U] —a11W1 D a12Wgo

S~
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Approach 1: allowable equations

U] —a11W1 D a12Wgo

O

Key idea: if one equation is fixed, limits the
number of possibilities of the other!

o

U —A21W1 D G220W2

1

wirate gy g | = ug| = 2"MAX P 2Ry > R+ R,

1

wo rate Ro
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Ug —a21W71 D a22W2
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e Generate 2"/™Max independent codewords X% i.i.d. ~ N(0, Ss).

e Transmit X7 (u;) and X3 (us).
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Ug —a21W71 D a22W2

e Generate 2"/?Max codewords of length n, X7 ii.d ~ N(0,S7).

e Generate 2"/™Max independent codewords X% i.i.d. ~ N(0, Ss).
e Transmit X7 (u;) and X3 (us).

e Receive Y = X7'(u1) + X¥(uz) + Z™ and decode (i1, 0iz) such that
(X7(1), XJ(03),Y™) is jointly typical

e P, proceeds as in MAC channel EXCEPT that need to carefully count

o (11120,112#0) ® MA(Ug 0)
e (uy #0,uz =0) — > e |[Ma(U1|0)
e (u; #0,uz #0) o (Ma(U1,Us)

Count the number of
allowable equations!
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U3 —a11wi © ajpwa
' " KO
Cardinality Lemma o

Ug —a21W71 D a22W2

MAa(U1,Us) = {(1117112) I U] = a1 W1 + a12Wa,

Uy = a1 W1 + a99Wo, for some Wl,Wg} .

MA(Ul‘llg) — {111 U] = 11 W1 + A12W2 for some Wi, W9

satisfying us = asywi + a22W2} ;
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U3 —a11wi © ajpwa
' [ KO
Cardinality Lemma o

Ug —a21W71 D a22W2

MAa(U1,Us) = {(111,112) I U] = a1 W1 + a12Wa,

Uy = a1 W1 + a99Wo, for some Wl,Wg} .

MA(Ul‘llg) — {111 U] = 11 W1 + A12W2 for some Wi, W9
Satisfying Uy — 21 W71 + CLQQWQ} ,

Cardinality lemma. The set of allowable equations M (U1,Us) and the set of
conditionally allowable equations M a (U¢|u,,) have the following cardinalities:

|MA(U1, Ug) _ on(Ri1+R2)
Ma (Urfug)| = 2
’MA(U2|111) — ZHRMIN .
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U1 —aij1wi D ajgwe

O\‘o
Proof of Cardinality Lemma o/
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o [Ma(Ur,Us)| =2 FrtR2) g [ th ] — A [ w1 ]

(8 5))

(zero-pad)
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U1 —aij1wi D ajgwe

C)\‘O
o

Proof of Cardinality Lemma

Ug —a21W71 D a22W2

o [Ma(Ur,Us)| =2 FrtR2) g [ th ] — A [ w1 ]

(8 5))

o |IMa(Ui|ug)| = 2nmin(fiR2) - Assume WLOG R; > Ro.
Each wo has one wy such that asy w1 + a9owo = us.
Since uy L us = 22 golutions.

(zero-pad)
HEECE"EanTEE NN

wy rate R; wo rate Ro
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Approach 1: allowable equations

U1 —a11W1 D a1o9Wo

~

O — W1, W2

o

U —A21 W1 D 22 W2

y  min(R, Rz) <min(C(51), C(52))
Ry + Ry < C(S1 + S2).

P, <e + |[Ma(U;]0)[2 U (Xas¥X2)=€) L ) Af o (U,]0)[27"EX2YIXD) =€) 4 ) A4 (U, Uy)|27 M (X1, X23Y)—e)
— €+2nRM1N2—n(I(X1;Y|X2)—e) _|_2’I’LRMIN2—TL(I(X2,Y|X1)—€) _'_27’1,(R1—|—R2)2—77,(I(X1,XQ,Y)—G)
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What if coefficients are zero?

U] —a11wW1 D a12Wo

O\ R, in <](X1;YX2) :C(Sl)
Rmz’n < [(X27Y Xl) C(SQ)

O =wiw:

O/ R1‘|‘R2<[(X1,X2;Y):C(S1—|-SQ).

Uy —021W1 © A22W2
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What if coefficients are zero?

U] —a11wW1 D a12Wo

.
o

Uy —021W1 © A22W2
U1 =aj1wi & ajagwo

.
o

U2 = a1 W1

:>W1 W2

:>W1 W2

Rmz’n < ](Xl,Y XQ) — C(Sl)
Rmz’n < [(X27Y Xl) — C(SQ)
Rl + RQ < [(Xl,XQ,Y) — C(Sl -+ SQ)

Ry < I(Xl,Y XQ) — C(Sl)
R, in < I(XQ,Y Xl) — O(SQ)
Rl + RQ < I(Xl,XQ,Y) — C(Sl -+ SQ)
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What if coefficients are zero?

B O Bonin < I(X1;Y|X5) = O(1)
O/ = W1, Wa Rmzn < I(X27 Y|X1) — C(SQ)

Ri+ Ry < I(Xl,XQ;Y) — C(Sl + SQ)
Uy =A21W1 D

P Roin < ](XQ,Y‘X:[) — C(SQ)

'/' Ri+ Ry < I(X1,X2,Y) = C(S; + S2).

U2 =— 0921 W1
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[Slepian, Wolf, 1973], [Han, 1979]

Approach 2: MAC with common messages

wirate B [T ]
D
warate £y [T 1

} U] —011W1 D a12W2

S~

O

wyrate B[] I | O/(

@ ———y } Ug —A21W1 D A22W2
wyrate R, L] R | |
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[Slepian, Wolf, 1973], [Han, 1979]

Approach 2: MAC with common messages

wq rate R;

U] =a11W1 D ajawa
wo rate Ro

wq rate R

\/

wo rate Ro

Common message rate Ro
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Approach 2: MAC with common messages

wq rate R;

wo rate Ro

wq rate R

} U —Ga21 W1 D A22W2
wo rate Ro

Private message rate R1 l

Common message rate Ro

Sunday, July 31, 2011
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[Slepian, Wolf, 1973], [Han, 1979]

Approach 2: MAC with common messages

wq rate R;

Ry <1

Ry <1
Ri+ Ry <1
Ro+ R+ Ry <1

X1; Y[ X, V)
Xo; Y[ X1,V)
X1, X9 Y|V)
X1, X5:Y)

wo rate Ro

e N

wq rate R
for some pv(v)pxlw(azl|v)pX2|V(x2|v).

wo rate Ro

Private message rate R1 *

Private message rate Re Decoding all parts yields
Common message rate Ro w1 and wz
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BSeyond 2 users - allowable equations

U1 = a11W1 D a1oWa D a13W3g

S1
U2 — 21 W1 D A29W2 D a23W3 g
2

U3 = a31W1 D aA32 W29 b CL33W/
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BSeyond 2 users - allowable equations

U] = a11W1 D a12Wa2 D a13W3
S1

U2 = A21W1 D A29W2o D ao3W3

S2 — S~ e~
O—>O¢W1,w2,w3

Uz — a31W1 D az3oWa D aggw/

|MA(U1, UQ, U3)| — 2n(R1‘|—R2—|—R3)

IMa (U, Us|uz)| = IMa (U, Usjug)| = |[Ma (Us, Uz|uy)| = 2 Eum+Ea)

IMa (Urug,uz)| = [Ma(Uz|ur,uz)| = [Ma(Uslug,uz)| = onAimMIN
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BSeyond 2 users - allowable equations

U1 — a11W1 D a1o9Wa2 D a13wW3 Use In '\/lAC D)
& calculations
U2 = 21 W1 D a29 W9 P o3 W3 \

< >_>O — W1, W2, W3 |

U3z = a31W1 P a32Wa2 D a33wWsg Z,
g — — |
— Ma (U, Uy, Us)| = 27(B1+RatRa) ——
= g
o . .

IMa (U, Usluz)| = |[IMa (Ui, Usluy)| = |[Ma (Us, Us|uy)| = 20 Bum+Euix) -y

Sl (Ui]ug, us)| = [Ma(Uzlur, uz)| = [Ma (Us|ug, up)| = 2715 o

—
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BSeyond 2 users - allowable equations

U1 = a11W1 D a1oWa D a13W3g

S1
U2 — 21 W1 D A29W2 D a23W3

S2 ~ —~

U3 = a31W1 D aA32 W29 b CL33W/

Ryn < min{C'(S1), C(S2), C(S3)}
Ryvin + Rymp < min{C(S7 + 52), C (S + 53),C (S + S3)}
Ry + Rvp + Rvax < C(S1 + S2 + S3)
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Beyond 2 users - MAC with
common messages

@.- e U] = a11W1 D aj2Wa © a13W3
SEENN 9,
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Beyond 2 users - MAC with
common messages

U1 = a11W1 D a19Wa2 D a13W3

Uz = 91 W1 D a92Wo D ag3W3

Uz = a31 W1 D a3a2Wo &b a33ws

— (COMMON MeSsage
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Beyond 2 users - MAC with

common messages
— Private message

U] = a11W1 D a12W2 © a13W3
51
— Private message SQ
3)
53

Us — 91 W1 @ 29 W9 @ 23 W3 %O

— COMMON Message (2,
— Private message
Uz = a31W1 © a32W2 © a33W3

— (COMMON MeSsage
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Beyond 2 users - Message and equation alignment

Uu; = Wi b wy D ws

O&\
So
/

Ug = W1 D 2W2 @3W3
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Beyond 2 users - Message and equation alignment

Sub-equation
alignment

O{‘
?O
53

Ug = W1 D 2W2 D 3W3
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Beyond 2 users - Message and equation alignment

Sub-equation
alignment

o&

S

O—0O
/

uz — wi © 2wg O 3ws

> IMa (Usluy, ug)| = 2nminlER2) ingtead of 2nftmin
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Beyond 2 users - Message and equation alignment

Sub-equation
alignment

o&

S

O—0O
/

uz — wi © 2wg O 3ws

> IMa (Usluy, ug)| = 2nminlER2) ingtead of 2nftmin

—  Changes region!
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Outline

¢ Problem statement

e Approach 1: allowable equations

e Approach 2: MAC with common messages

* Beyond 2 users

e Case study
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(AWGN channels)

Case study: exploiting interference

W1 1 Power S5
Power Sl \\s 1 ,’,
I “s<” @ A
~ Wi, W
Power S5 ’,1’1 ‘s‘@/ e
W2 —1 Power Sy

ICF
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(AWGN channels)

Case study: exploiting interference

Wi 1 Power 53 Power S5
O - " O—
POVIVIGI Sl \\\1\‘,,',6\ Power S,
L - o L @
@'—> wy Q>
Power S, Power Sy

No Interference

ICF
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Conclusion

: Inverse
FI_Omblne for a Compute and forward to
unified rate region! extract messages

_ ”‘ RS =

‘\ .\:,!' _

Compute and forward to decode awq P bwo
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