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Monologues vs. Dialogues
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Monologues vs. Dialogues

O——0

Monologue = one-way = uni-directional

O—0

Dialogue = two-way = bi-directional
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Two-way communication applications - wired
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Two-way communication applications - wireless
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1 Dialogue ! or= 2 Monologues ?

It depends....

we will use information theory to Pnd out.
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" Two-way cellular-like networks !
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" Two-way relay channels:- canonical example of wirelgss
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C=max|(X;Y)
p(x)

" Information theory - what, why, when yo
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Two-way channel - channel coding @ =—ce —{
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" Two-way cellular-like networks !

(1)
" Wireless channels and networks! <é>
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" Two-way relay channels - canonical example of wireless network coding
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Information theory- what, why, when

A Mathematical Theory of

Communication. Bell System Technical
Journal , 27, 379D423 & 623D656, 1948.

LHAw fact ~ran wia

| VIt J (V‘l; 4f‘"l\C\ :\'
In I'"L' l(ll]
What Is
i communication?
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| [tawne s ' can
We compress
Information?



Information theoryOs claims to fame

VN

Source coding Channel coding
"/Source = random variable! " Channel's coyfdigonal distributions!
"“Ultimate data compressionitimit is " Ultimate transmissian.rate‘is the

the BgurceOs entropy4H channel capacity.C

Reliable communication possibles> H<C
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Source vs. channel coding
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Remove redundancy

Source Source Channel Channel ’ Channel Source
coder coder (] decoder decoder
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Decode signals, detect/correct errors

Controlled adding of redundancy Restore source
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Source coding = data compression

----------------------------------------------------------------------------------------------------------------------

X ~ p(x) iid

E Xn = = = = 4 fn(X'n,) E {1’2’ C. ,2nR} o> ©® ®© o o o o .ﬁ
E [ Source ]—»‘ Encoder ¢ >’ Decoder .—>[ Destination ]
: ‘. . . -' Rate R bits/source symbol *. . . o o ..

......................................................................................................................

| Lossless: xn — xn

Minimum R needed is H(X)=1! | p(x)log,(p(x))

| Lossy: d(X™,X™) <D

Minimum R needed is described by the Rate-Distortion function R(D)

RO
'R(D) = MIN »22) | (X ,)@)
337 [EEE B _—
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Source vs. channel coding
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Decode signals, detect/correct errors

Controlled adding of redundancy Restore source
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Communication system model

................

..............

___________________________________________________________________________________________________________________________

..............

———————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————



Channel
. X" y™
Channel capacity —| p(ylz)

I Information channel capacity:

C=max|(X;Y)
p(X)

I Operational channel capacity:

Highest rate (bits/channel use) that can
communicate at reliably

I Channel coding theorem says: information capacity = operational capacity
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Channel capacity: a cute example

Source
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Channel capacity: a cute example

A,B,C,D
Source —— | Encoder

A = AAA?
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Channel capacity: a cute example

A,B,C,D A = AAA?
Source ——» | Encoder | —» @ Channel

AAA | AB.
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Channel capacity: a cute example

A,B,C,D A = AAA?
——% | Encoder | —» Channel

Decoder

AAA

AB. | Ay r)

BBA



Channel capacity: a cute example
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Capacity in general

I Main idea was to reduce the rate (from a 27-letter input per channel use to a
O-letter input per channel use) so as to produce

@ @
¢%°"%g g 0g
$ 6 —— ¢ g
® 9 | Non-overlapping outputs! | @ %
Y o &

"‘0000‘ 0@@

@
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Mathematical description of capacity

I Can achieve reliable communication for all transmission rates R:

0 C
R<C o

R

| BUT, probability of decoding error always bounded away from zero if

R>C 0 S
> e




Capacity: key ideas

'a— ————————————————————————————————————————————————————————————————————————————————————————————————————————————————————————— \
! )
: |
I Estimate of message I
! Message o !
| II 7 |
: 1 W ' ....... . Xn Yn ' ....... . :
i [ Source >0 Encoder > p(y|£13) ' Decoder .—b[ Destination ] i

)
: J/ e e e @ @ = 1 4 ' e e e oo - [ 4 !
\ ;

| choose input set of codewords so they are Onon-confusableO at the output"
| number of these that we can chose will determine the channelOs capacity"

I number that we can choose will depend on the distribution p(y|x) which
characterizes the channel
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One-way channel capacity

Message Estimate/of\message
W e == == =° \ X" yn ¢ == =°==° \ |44
[ Source > Encoder > p(y|$) . Decoder .—>[ Destination ]
O — I1laX [(X, Y) bits/channel use
Piz) \
“mutual information”
between X andY
p(z,y)
[(X;Y) = p(fv,y)log< )
;y p(x)p(y)
A few examples
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What is capacity / mutual information®?

C = Max p(x) | (X ,Y)



Entropy of a random variable

(B) entropy is the average number of bits needed to describe the random
variable"

(C) entropy Is measured in bits?"

OH(X)="1 , p(x)log,(p(x))

(E)entropy of a deterministic value is O



Entropy of a random variable

(A) entropy Is the measure of average uncertainty in the random variable"

(C) entropy Is measured in bits?"

OH(X)="1 , p(x)log,(p(x))

(E)entropy of a deterministic value is O



Entropy of a random variable

(A) entropy Is the measure of average uncertainty in the random variable"

(B) entropy is the average number of bits needed to describe the random
variable"

OH(X)="1 , p(x)log,(p(x))
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Entropy of a random variable

(A) entropy Is the measure of average uncertainty in the random variable"
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Entropy of a random variable

(A) entropy Is the measure of average uncertainty in the random variable"

(B) entropy is the average number of bits needed to describe the random
variable"

(C) entropy Is measured in bits?"

OH(X)="1 , p(x)log,(p(x))




—ntropy of a uniform distribution

I Let X be uniformly distributed over 8 outcomes. What is the entropy of X?
8 8 :
H(X) =) . p(x)logy(p(z)) = — >0y %logQ (%) = logy(8) = 3 (bits)

I This Is the number of bits needed to describe X!

| By extension, for a discrete random variable taking on K outcomes, the
maximal entropy Is attained by a uniform distribution and is equal to the
number of bits needed to describe K:

H(X) = logy(K)



—ntropy of a non-uniform distribution

| Suppose X represents the outcome of a horse race with 8 horses, which win

. T 1 1 1 1 1 1 1 1
with prObabllltleS (§7 4°8°16° 64° 64° 647 64)

| 1\ 1 1\ 1 1\ 1 | 1 |
H(X)=—=logy [ =) — ~logy [~ ) — —logy (= ) — —logy [ — | — 4= log, [ —
(X) 20g2<2> 4Og2<4> 80g2(8) 16 Og2<16) 64 Og2(64>
= 2 (bits)

I 8 outcomes, 3 bits? But on average can represent with 2 bits!

(l 11 1 1 1 1)
27478716’ 64’ 647 64’ 64

7N

(000,001,010,011,100,101,110,111) (0,10,110,1110,111100,111101,111110,111111)

=

3 bits 2 bits (on average!)



—ntropy of a continuous random variable

I entropy:”

HX)= ! p(x)logy(p(x)) - ‘"
X 2 » "II,I.I',.'.

I di#erential entropy:

N>
h(X)="! f(x)log(x) dx ;5_//\



—ntropy of a Gaussian random variable

| di#erential entropies of Gaussian distributions:

% & 5 :
Iog 2 e! 008 | 3 ,

% &
h N(@,!?) =

NI

05 - .
-4 2 o 2 4 6 8

N(NA(1K)) = log (2" ¢)"[K )




—Ntropy maximization

I Uniform distribution maximizes entropy for a given # outcomes

H(X)=1 K
max H(X) = logy(K)

I Gaussian maximizes entropy for a given covariance constraint

1
h(X) = = log ((2me)"| K
pomax | (X)) = 3 log ((2me)"| K))



@ Channel: p(y/x) @
-_—

Mutual Information between 2 random variables:

I(X;Y) = Zp(a:,y)log( P(z,y) )

p(z)p(y)



‘ Channel: p(y|x) ‘
—>

Mutual Information between 2 random variables:

I(X3Y) = Zp(:v,y)log< P(z,y) )

p(z)p(y)

(B)if X, Y are independent I(X;Y) =0

(C)if X=Y then I(X;Y) = H(X)

(D) I(X;Y) Is non-negative



‘ Channel: p(y|x) ‘
—>

Mutual Information between 2 random variables:

I(X3Y) = Zp(:v,y)log< P(z,y) )

p(z)p(y)
= H(X) - H(X[Y)
— H(Y) - H(Y|X)

(A)I(X;Y) is the reduction in the uncertainty about X due to knowledge of Y "

(C)if X=Y then I(X;Y) = H(X)

(D) I(X;Y) Is non-negative
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‘ Channel: p(y|x) ‘
—>

Mutual Information between 2 random variables:

I(X3Y) = Zp(:v,y)log< P(z,y) )

p(z)p(y)
= H(X) - H(X[Y)
— H(Y) - H(Y|X)

(A)I(X;Y) is the reduction in the uncertainty about X due to knowledge of Y "
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Properties of mutual information

H(Y)

H(X)_>

A l(x:Y1Z)

AN

With permission from David J.C. Mackay




Channel capacity

@ Channel: p(y[x) @
—_—

Capacity (' = m(agc Il (X : Y) bits/channel use
plx




Channel capacity Noiseless channel

Capacity? O >0

1 bit/channel use 1

C =maxI(X;Y)

p(x)

— max H(X) — H(X|Y)

p(x)

=max H(X) — 0
p(x)

=1



Channel capacity Non-overlapping outputs

. =0

Capacity? O S 4

1 bit/channel use 5
1=

C=maxI(X;Y) w3

p(x)

— max H(X) — H(X|Y)

p(x)

=max H(X) — 0
p(x)

=1



Channel capacity Noisy typewriter

@“‘@
Capacity”? &’ %
@(V)@ ®
log,(9) bits/channel use @ %
% ]
C'=max I(X;Y) ‘B)@@)@@@@

p(x)

=max H(X) — H(X|Y)

p(x)
= max H(X) — log,(3)

p(x)

=log,(27) —log,(3) = log ,(9)



Channel capacity Binary erasure channel

1-f _ 0O
Capacity? 0 —
1-f bits/channel use e
_—v
1 _—1
C =gy 106 1

=max H(X)! H(X|Y)
p(x) |

= max H(X)! p(y)H (X]Y =)

:m(a;< H(X)! pa(l! f)aH(X|Y =0)+(1 ! p)&1! f)aH(X|Y =1)+ paf aH(X|Y = ¢
p(Xx
:m(a§< H(X)! pal! f)a0+(1! p)a(l! f)ad0+f al

p(Xx

=max H(X)! f
p(x)

=1!f



Discrete memoryless channel capacity

@ Channel: p(y[x) @
—_—

Capacity ' = max (X pits/channel use

“mutual information”

between X and Y
I(X;Y) =) plz,y)log (p?f}o&)




Continuous alphabet channel capacity

@ Channel: p(y[x) @
—_—

CapaCity (' = max [(}(7 Y) bits/channel use

“mutual information”

What i f between X and Y
X and Y are not bits, but real numbers?



AWGN channel capacity

N Gaussian noise ~ N(O,Px)
!
|

Power constrained to P

v

—> =h X+ N
Wireless channel

with fading



N Gaussian noise ~ N(0,Px)
|

)4
D)
AWGN channel capacity OO =nxen

with fading

C = max  [(X;Y)

p(x):E[XXT|<P

= max  h(X) — h(X|Y)

p(z):E[X XT|<P

= max  h(Y) — h(Y|X)
p(2): E[XXT|<P

= _max—HhX + N) — h(hX + N|X)
/ = max h(hX + N)X h(N)

L/ p(x):E[XXT]<P |

1 1

. log(27re(\h]2P + PN) 5 log(2mePy)

_ 1 1o ) N
— 28 Pr




N Gaussian noise ~ N(0,Px)
|

v
h B
AWGN channel capacity ®W @ =hX+N

with fading

C = max [(X,Y)
p(x):E[XXT]|<
— h(X h(XY
ma  HX) — h(X]Y)
= h(Y h(Y | X
e hY) = BV
= max h(hX + N) — h(hX + N|X)
p(z): B[ X XT]<
= max h hX + N h(N |
D) BDeXT< ( ) —h(N)  signal power at Rx
1 1
=5 log(2me(|1|"P 4+ Py)) — = TelPy)
1 WP+ Py noise power at Rx

5 10g 47/



N Gaussian noise ~ N(0,Pv)
|

:
D)
AWGN channel capacity OO =nxen

with fading

h|?P+ Py

C = 3log 5

= 2log (1 + SNR) (bits/channel use)

What about bits/second and bandwidth of the channel?

C=W Iogz- 1+ @  (bits/second)

IBandwidth W, h=1, spectral density N/2]



Source vs. channel coding
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Decode signals, detect/correct errors

Controlled adding of redundancy Restore source
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Volume 95, Issue 6, pp.1150-1177, June 2007.

f? Forney, G.D. and Costello, D.J., =~ Channel Coding: The
Se . Road to Channel Capacity,’’ Proceedings of the IEEE,

Claude Shannon — Born on the planet Farth (Sol II1) in
the year 1916 A.D. Generally regarded as the father of the
Information Age, he formulated the notion of channel capac-
ity in 1 948 A.D. Wzthm several decades, mathematicians
gal ways to communicate

reliably at data rates within 1% ofghe Shannon limit . ..

Encyclopedia Galactica, 166th ed.

| algebraic codes"
I convolutional codes "

| iterative codes (LDPC,
turbo)

-Robert J. McEliece, Allerton 2000



Use?

I Benchmark for performance of practical systems

| Guideline in designing systems - whatOs worth shooting for?"

I Theoretical insights can lead to practical insights



So now what?

O——0

O——0

Unsolved

Fundamental



Outline

C=max|(X;Y)
p(x)

X" yn
— pllr) p—>

I Information theory - what, why, when
Source coding, channel coding, entropy and mutual information, capacity, Gaussian noise channel

" : xgl)(wﬂ a:gl)(wg)
Two-way channel - channel coding @—[([-]=@
v s

I Two-way cellular-like networks "

| QP
l Wireless channels and networks" ,
3®

90
jeee]

I Two-way relay channels - canonical example of wireless network coding
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One-way channel capacity

)

)

)

I Estimate of message
! Message o

| ‘{ 7

i ~ W g . Xn Yn F 2ntiad .

! Source >0 Encoder > p(y | $) ' Decoder > Destination
)

| J ' ....... ‘ .......

|

O — IMNax [(X, Y) bits/channel use

p(CC) \
“mutual information”

between X andY

( N

[(X;Y) xZP(%y)log( P, y) )

p(z)p(y)

% \ y,

symmetric in its arguments!
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SARNOFF

One-way channel capacity - notation

X" yn
—| p(y|x)

)

(vl
O—F©



Two-way channel (historical)

X . Yo
CHANNEL
Y, X2
TERMINAL | TERMINAL 2
Ficure 1
s Shannon G61

SYMPOSIUM



Two-way channel capacity

One-way @x p(y|r) EY@

X 9
TWO-Way p(yl y2|$1 $2)
Yq Xo

CHANNEL
y, — - f———— X,
33 IEEE TERMINAL | TERMINAL 2
SARNOFF FiGure 1

SYMPOSIUM



Two-way channel capacity region

One-way Capacity I

O C' = max,,) [(X;Y H
| () [(X3Y) R

R1s 12

Two-way
Capacity Region

c : Rio2 :
N ? Ro1



When Is

Two-way
Two
one-ways

SARNOF.

i @(——-—-——@ng
R

21



Models for two-way adaptation

One-way: 7 (w12)
no adaptation Wi, @_, Wia
possible
r (w12) xy (wa21)

Two-way: Wi @(_.._._)@ Wis
no adaptation W21 Wai
“"Restricted two-way channelt

x?(wl%yqf_l) 5’73(@”2179721_1)

TWO'Way: Wis @é-——» @
full adaptation Wo, Wai



Duplex

Two-way:
half duplex

Two-way:
full duplex




(Aside: I(X;Y) and [(X;Y|2))

Z Bernoulli(1/2)

X
Bernouli(1/2) X _&Y

I(X;Y) = Z Zp(w,y)log ]()(sz?) I(X;Y|Z) = Y Y Yp (x,y, z) log (p(’w,y]z)

p(p() ()




(Aside: I(X;Y) and [(X;Y|2))

Z Bernoulli(1/2)

X
Bernoulli(1/2) X _&Y

[(X:Y)=H()- HY|X) I(X;Y|Z2)=H(Y|Z) - HY|X, Z)

— logy(4) /4 + logy(2)/2 + log,(4) /4 — log,(2) = logy(2) =0
. — 1 bit
= 0.5 bits




General results D——0C)
Y- Xo

Inner bound
Ri! 1(X1;Y2]X2)
Ro! 1 (X2; Y1|X1)

whereX ;1 and X, follow the joint distributionp(x1, X2) = p(X1)p(X2).

Not In general equal!
Outer bound

Rl 1(X1;Y2|X2)
Ro ! 1(X2; Y1|X1)

where the joint distribution of random variables; and X, Is p(X1, X2).

I3IEEE

SARNOFF [Shannon 661]
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When Is capacity known

| Parallel two-way channel"

l Mod-2 adder™

I Two-way restricted channel "

| Two-way Opush-to-talkO channel

I Two-way Gaussian noise channel (full & half duplex, restricted & unrestricted)

When Is capacity unknown

| General unrestricted discrete memoryless channels™

| Binary multiplier channel (BMC)"
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Capacity: two parallel channels

[Shannon O61]

FIGURE 2

Rio < Uk, |

Ry < Ok,

I3IEEE
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Capacity: binary mod-2 adder channel

§ ' ‘ [Shannon O61]

MOD.2 ADDER
Xy — + - Xo
Y
y, - )\ - Yo
Ficure 4

Y1 = Y2 = 21 + 22 (mod 2).

How to achieve capacity region?  re

337 [EEE Rl |
SARNOFF
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Achieving mod 2 adder channel capacity

MOD. 2 ADDER
X — +
Y
yl ~al- L
UR

Y = Yo = Ty -|— xz_(mod 2)I
Recelver 2:

Recelver 1:

Ty = Y1 DT
=1 DIy DXy

EXPLOIT TWO-WAY!

= Y2 D To
=T D T2 D T2



Capacity: restricted channel

Capacity region:
Ry 1(X1;Y2]X2)
Ro ! 1(X2; Yi[X1)

whereX ;1 and X, follow the joint distributionp(x1, X2) = p(X1)p(X2).

I3IEEE

SARNOFF [Shannon 661
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Capacity: push-to-talk” channel

Two-way: @ >@
half duplex fime @< @




Capacity: Gaussian noise channel

Power constraint P
O+—®
Y- X

1 2 Power constraint Ps

Y1 = aXq+ bXy+ Ny~ N(0,07)
Yo = cX1+ dX2+ No~ AN(0,03)

Capacity region:
R.i! (1/2)log(1+ c“P4/! %)
R, ! (1/2)log(1l + b*Py/ ! %)

I3IEEE

No dependence on a00 or "dOO  [Han 684



Y1 = aX1+ bXo+ Ny

Capacity: Gaussian noise channel Yo= oXi + dXz+ N,
Ri! (1/2)log(1+ c“P1/! %)
R, ! (1/2)log(1 + b*P,/ ! £)

Ry

"TWO PARALLEL CHANNELS!!

e Achieved by Gaussian inputs

o Feedback” does not help here

SARNOFF



When Is capacity known

| Parallel two-way channel"

l Mod-2 adder™

I Two-way restricted channel "

| Two-way Opush-to-talkO channel

I Two-way Gaussian noise channel (full & half duplex, restricted & unrestricted)

When Is capacity unknown

| General unrestricted discrete memoryless channels™

| Binary multiplier channel (BMC)"

33IEEE
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Capacity unknown:

33IEEE
SARNOFF
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X1

Binary Multiplier Channel

Yo

e e

Yi

X9

X2
Y1=Y2 0 1
01 O 0
X1
1|1 O 1

Y1 = Yo = T1T2, Where x1, x5 € {0, 1}.

lower/upper bounds

Rate (bits)

Shannon’s lower bound 0.61695
Hagelbarger’s lower bound || 0.593

Schalkwijk’s lower bound 0.63056
Shannon’s upper bound 0.69424

Zheng’s upper bound

0.6390

C. E. ShannonJwo-way communication channgila Proc. 4th Berkeley
Symp. Math. Satist. Probab., vol. 1, 1961, pp. 611-644.

J.P. M. Schalkwijk;The binary multiplying channel - a coding scheme that
operates beyond the Shannon inner bquitEE Trans. Inform. Theory,
vol. IT-28(1), pp. 107-110, jan 1982.

J.P. M. Schalkwijk,On an extension of an achievable rate region for the

" binary multiplying channgllEEE Trans. Inform. Theory, vol. IT-29, pp.

445-448, May 1983.

J.P. M. Schalkwijk,Extending the achievable rate region of the binary
multiplying channel In Proc. Int. Symp. on Information Theory, page
302, Budapest, Hungary, Jun 1991.

Z. Zheng, T. Berger,J.P. M. Schalkwijijew outer bounds to capacity
region of two-way channel$EEE Trans. Inform. Theory, vol. IT-32, pp.
383-386, May. 1986.



General technigques for two-way channels

Adaptation



Adaptive codewords

Single-letter L1 (wl) 932 (w2)

Channel
C = f(X1, Xa) y<—
1

(1) (1)

i@
(1)

w27

Ch I
annel | g

(2) (2)

Two-letter
(1)(

¢ = f(Xl(l)va)v X2(1)7X§2))

| G. Kramer, OCapacity results for the discrete memoryless netw&kE Trans. Inf. Theory
33 [EEE vol. 49, no. 1, pp. 4b21, Jan. 2003.
PP
:\\\l? l\(Y)HIl LI M | S. M. S. Tatikonda, OThe capacity of channels with feedb#EEP Trans. Inf. Theoryvol. 55,
— no. 1, pp. 3230349, Jan. 2009.



Adaptive codewords

(L)(

o) (o (D)

A

| -letter ‘ Channel _.

\ 4

2 L—1

The space over which we
can code (xOs) Is enormous!

| G. Kramer, OCapacity results for the discrete memoryless netw&kE Trans. Inf. Theory
33 IEEE vol. 49, no. 1, pp. 4b21, Jan. 2003.
SARNOFF
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P eten See Jerwey
AgeR 1594, 2000

| S. M. S. Tatikonda, OThe capacity of channels with feedb#€ED Trans. Inf. Theoryvol. 55,
no. 1, pp. 323b349, Jan. 2009.



Non-adaptive codewords:

Xl c {07 1} X]_ Y2 YQ — Yl mod 2
+—>

Y1 = X1X5 Y; X9 X, €{0,1,2}

Code of user 1 Code of user 2
uiy = 0 L. 0 0 up =0 1,0 2
u11:1 .1.1.1. UQ1:1 .0.2. O.
e
L =N=3 channel USES s coreces oo orchame it etk . dioraon,sis

Institute of Technology Zurich, 1998.



Adaptive codewords:
X1

X1 € {0,1} b

Y2 — Yl mod 2

Y1 =X1X9 Y

Code of User 1

o

o
o |o
OOOAOOO
[ ]

Adaptive

codewords A3 <o

H
R e
HHHA Pk \R
°

I3IEEE
SARNOFF
SYMPOSIUM

L=N=3 channel uses

=@
X2 Xo € {0,1,2}

Code of User 2

Adaptive
codewords A3

G. Kramer, ODirected information for channels with feedback,O Ph.D. dissertation, Swiss
Institute of Technology Zurich, 1998.



Can we take this adaptation into account?

CAUSAL adaptation



From mutual information to directed information

XN ‘= (X17X27"' 7XN)

Need to extend the symmetric I(X ;YY) 77 = )
to account for causally adaptive codewords

Marko/Massey’s Directed Information”
[(XN - YN) =30 [(X™ Y,y

Kramer’s “Causally Conditioned Directed Information”

[(XN 5 YN ZN):= ZI (X", Y,|Y" "tz

n=1
G. Kramer, ODirected information for channels with feedback,0 Ph.D. dissertation, Swiss
Institute of Technology Zurich, 1998.
337 [EEE H. Marko, OThe bidirectional communication theory- a generalization of information the
SARNOFF IEEE Trans. Communvol. COM-21, no. 12, pp. 1345D1351, Dec. 1973.

SYMPOSIUM J. Massey, OCausality, feedback and directed informatioR©dnIEEE Int. Symp. Inform. The
ory and its ApplicationsHonolulu, Nov. 1990.



Aside - could this be what we need?

X1 Y5
OO

2

I(XN; YNy = 1(yN; xM)

SUT

I(X" = YN)£I(Y" — XN)

SARNOFF



Usage: capacity of two-way channels

Xle{O,l} X]_

Y2 Y2 — Yl mod 2

el

Y1 = X1X0 Y;

Code of User 1

Adaptive
codewords A3

I3IEEE
SARNOFF

X2 Xg € {07172}

Code of User 2

Adaptive
codewords A3

‘H\"_‘I']\ oIUM L: N :3 Ch an n el uses G. Kramer, ODirected information for channels with feedback,0 Ph.D. dissertation, Swiss

Institute of Technology Zurich, 1998.



X Y-
O——®

Usage: capacity of two-way channels ’

The capacity region of two-way channel is given by the limit as
L — oo of the regions

R =I(AY — Y| XE)
Ry = I(AL — Y| XE)

where AL AL are adaptive independent codewords.

\

Difbculty: space of codewords hard to compute!

I3IEEE
SARNOFF
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Take away points - AWGN two-way channel

I If have half-duplex constraint and memoryless channels, time-share

I If have full-duplex - obtain two parallel clean channels

For applications -
full duplex gains a lot!

33V IEEE
SARNOFF
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Take away points - Discrete memoryless two-way channel

| If have half-duplex constraint (" push-to-talkOO), time-share

I If have parallel two-way channels, mod-2 adder

Ri! 1(X1;Y2[X2)

I If have restricted channel
Ro! 1(X2;Y1]Xy)

whereX; and X, follow the joint distributionp(x1, X2) = p(X1)p(X2).

Ry

4In general may need adaptlve codewords ”

33V IEEE
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Relationship to feedback channels

| Feedback channel

P - - - - - - - - = - - - - = = - = - - = - - = - = = - = = - - = - - - - - - - - - - - \
] |
[} [}
‘ (2ly) |+ | ’
| P\Z|Y / |
; ZN Yy i
i Estimate of message i
! Message - !
] ]
i ' ....... . Xn Yn '- - - - - -. W i
' [ Source ]—»‘ Encoder —> p(y]:c) ‘ Decoder .—»[ Destination ] '
: . ....... . ....... :

]

---------------------------------------------------------------------------------------------------------------------------

"""" .X{V YQNO"""'

0
¢ Encoder/Decoder .—»[Source/Destination}

7\
2
o
c
=
o
@
~
O
D
0
=
>
Q
=
o
=]

e ® o

m
>
(@]
o
o
@D
=
O
@D
(@]
@)
Q.
@D
-
-
i
/N
<
[
<
\V]
8
—_
8
\V]
N——
-

--------------------------------------------------------------------------------------------------------------------------

Setratein" directionto O
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Two-way source coding = what skipping

I Two-way (lossy) source coding using block-coding and protocols of K rounds

BINARY DATA AT RATE R

X
o
{Xi} >{ X CODEC & Y CODEC <-_-[Yi}
BINARY DATA AT RATE Ry A. Kaspi, OTwo-Way Source Coding with a Fidelity CriteriotgEE
I , Trans._ I_nform. Theor,yvolt ITDQl, no. 6. pp. »735E)740, Novembe_:r 198
+ + N. Merhav. Two-way successively rebPnedtjswurce-channel codindEEE Trans. Inf. Theory52(4):1483D1494, 200€
{ Yi} {Xy}

Fig. 1. Two-way source coding scheme.

.............................................................................

: ( \ ( \ E

i Source/Destination A Source/Destination B !

i i

V|7 !

i I i

: i .

' - B — I Y. Minsky, A. Trachtenberg, and R. Zippel, OSet reconciliation with ne:
' Channel ' ] T S h ;

! H optimal communication complexity JBEE Transactions on Informatior
: 1| ——— > — Theory vol. 49, no. 9, pp. 221392218, 2003.

) )

: I [—

) )

) )

) )

i — I i

) )

G J \ J

1 ]

I Interactive communication framework / communication complexity

. . Source/Destination A A. Orlitsky, “Worst-case interactive communication I: Two mes-
Source/Destination A sages are almost optimal,” IEEE Trans. Inform. Theory, vol. 36, pp.
— - 1111-1126, Sept. 1990.
Channel v
| . > —- A. Orlitsky, “Worst-case interactive communication II: Two mes-
JI3IEEE X sages are not optimal,” IEEE Trans. Inform. Theory, vol. 37, pp.
. . g 995-1008, July 1991.
SARNOFF *
SYMPOSIUM X, Y ~ p(z,y)
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Outline

C=max|(X;Y)
p(x)

X" yn
— pllr) p—>

I Information theory - what, why, when
Source coding, channel coding, entropy and mutual information, capacity, Gaussian noise channel

(1) (1)
i (wr) To (w@
I Two-way channel - channel coding O—=[o)=

(1) (1)
Y1 Yo
Adaptive codewords, capacity in Gaussian noise = two parallel channels
" Wireless channels and networks <<<é>>> |
0 o

I Two-way cellular-like networks "

[
&

I Two-way relay channels - canonical example of wireless network coding

O—O—®

W, = Wi P Wy

33IEEE
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Point-to-point

p(y|X)
_>
Wireless channel

I Channel capacity" .

I How to approach it for memoryless Gaussian noise channels I

Is that the end of the story?



NO! Motivation 1: two-way channels

O——0

Unsolved

Fundamental



NO! Motivation 2 - networks

M Tx antennas N R)g.anjennas

O >O " i ' ‘ ‘
¢t T —T1
' ——_______————
| “ :
\
%3360 O M T>§ antennas N Rx antennas

o O




Two-way networks!

M Tx antennas N R)g_aniennas

o’-‘
4
[}

Multi-user
two-way

M Tx antennas N Rx antennas
7 \J [} v
)




Capacity and capacity regions

| Point to point capacity <:>' = @

0

0 C C
4-“/-‘-“'.5 “I'Hl-‘-x-i
R

| Multi-user capacity region

R-

O



Capacity regions

S2

Quter bound —
Capacity region

Achievable region

GO
P
N
// ~A
D))
R.

Rt



Achievable rate region

S2

Quter bou
Capamty reg'

Ach|eva|ole reonon {1

Rt

| Propose a coding scheme (random codes!)" Ri! 1(X1;Y][X5)

| Prove that as long as = holds, Ro ! 1(X2;Y[X1)
reliable communication possible Ri+ Ry [(X1,X2;Y)



Outer bound

__Outerbound |
Capacity region

Achievable region

Rt

Q]_! (X]_,YlXZ)
Qz! (XZ;lel)
Ri+ R (X1, X2;Y)

| Prove that error is bounded away from 0 when | not satisbed

I Find a more capable channel whose capacity is known
| Be creative!




Capacity regions

2
~___ Outer bound —
_ Capacitv region |

Achievable region

Rt

I Limit of communication, NOT how to achieve it in practice necessarily!

I However, benchmark and guidance in practical designs



Three key multi-user channels

"P=e re——eor yo

Sroadcast Relay channel I\/Iu\hpAe-accTess
channel channe

I3V IEEE
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Multiple-access channel (MAC)

(D

P(X1,X2) = pP(X1)p(X2) pP(Y[X1, X2)

| Introduced by Shannon in 1961"
I Capacity known for discrete and Gaussian noise channels”

| Capacity [Ahlswede O71, Liao O72]
I MIMO [Telatar O99]
| Fading [Gallager 094, Shamai+Wyner 097, Tse+Hanly 098]



Multiple-access channel (MAC)

(D

| Capacity region is the closure of the convex hull of all rate pairs (R1, R2)

satisfying
Ry 1(X1;Y([X>)
Ro ! 1(X2;Y([X1)
Ri+ Ry! 1(Xq,X2;Y)

for some distribution

P(X1,X2,Y) = p(X1)p(X2)p(y|X1,X2)

Y)Y Rs



Gaussian MAC

Optimal multiple access
P P TDM/FDM multiple access

Power P:1
\ |

N (O,NO) I P]_ .
M‘ R1: Elog 1+|_ R]_I §log2(1—|—P1)
Power P2 ®'® ! ( 17
h.
Power P1/!

|
R, = 1! log 1+ P2 R> ! 5 log, (1 + P)
R; < 1_ IOg (1 + Pl) N O No) N (0,No)
2 0% 1 &)

2

1" !
~6-@ N
1 Power P2/(1-!
Rz < > log, (1 + P2) (x) M

1
Ri+ R, < éIogz(1+ P+ Py)



Multiple access channel

%log(l + P,)

1 1+ P +P,
21Og( 1+ P )

TDM no power

Ry /\.\‘ TDM/FDM

N

N
D\ .
\ N /
\

Full cooperation




Multiple access channels In practice

'y

frequency

I CDMA"

I WIFI

A

frequency




Broadcast channel




Broadcast channel

*
% ‘<‘ P(Y1, Y2IX)
2VKQ

| Introduced by Cover in 1972"
I Capacity known special cases:"

| Degraded broadcast channels [Bergmans 073074, Gallager O74]
| General BC with degraded message sets [Korner + Marton O77]

| Gaussian MIMO broadcast channel [Weingarten, Steinberg, Shamai O06]

| Best achievable rate region [Marton O79]



Best achievable rate region: Marton'’s region

I Capacity region is the closure of the convex hull of all rate pairs (R 1, R2)
satisfying

O# Ri# |(U1;Y1)
O# Ry # |(U2;Y2)
Ri+ Ro# 1(Ug; Y1) + 1(Uz;Y2) $ 1(Ug;Up)

for some distribution

p(u1, Uz, X,Y1,Y2) = p(U1, U2)p(X[u1, u2)p(y1, y2|X)



(Gaussian broadcast channel

N (0,! %)
L 1P e
R; < —|092 1+ ( '"é) Log (14 PJod) \(?4\:1 TDM
| 1 " \
1 | I P

%bg (1—|—P/O'%> Rl



Relay channel

70X ply, yalxxa)

I Introduced by Van der Meulen in 1968 "

RN i?
‘

| Capacity known special cases:"
| Physically degraded relay channels [Cover, El Gamal O79]
I 3 types of forwarding: "

| Decode+forward (DF), Compress+forward (CF), Amplify+forward (AF)'



Relay channel: outer bounds

| Cut set outer bound intuitive + useful!

‘

Rout = | p(X)I (X ,Y)

I Point-to-point

|
| Relay channel Y, OX . Y, X 1
” \\\\ \\\\

r'd
4
r'd
/’ \
” S
s N\
. ’ \
’ .

Rout = | D(X,X 1) mln{l (X ;Yl,Y‘X]_), | (X,X 1,Y)}




Relay channel: Decode + forward (DF)

OX:
R (X Y1|Xg) A

N
\
N
\
N
\‘

\ (XY X1) = 1(X, X 1Y)

R1 max min{l(X:Yy[X1),1(X,X 1:Y)}
P(X,X 1)

| Exploit broadcast transmission of source "
| Source + relay transmit simultaneously (full duplex)"

I Create joint codebooks at source + relay



