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Monologues vs. Dialogues

Monologue

Dialogue



Monologues vs. Dialogues

Monologue = one-way = uni-directional 

Dialogue = two-way = bi-directional



Two-way communication applications - wired

Video conferencing

surgery became a reality when these cables were replaced
with more advanced telecommunication technology.

Telerobotic surgery has tremendous potential to provide
patients located in rural areas, on the battleÞeld, at and under
the sea, and in extraterrestrial locations,15 access to expert
and subspecialty surgical care. However, as in each of the
previous evolutionary steps, telesurgery comes at a cost. Tele-
surgeons experience decreased visual perception (because of
lower bandwidth video), intermittent visual loss (because of
data packet loss and/or network congestion), control latency,
and visual discrepancy (deÞned later). Furthermore, telesur-

geons still lack haptic feedback from their patients. Although
impaired sensory perception makes telerobotic surgery more
difÞcult, our group and others have proven that under the
proper conditions telesurgery is safe and effective.16

Necessary Elements of a
Telerobotic Surgery Team
In its current state, the pieces that make up telesurgery are
complex, expensive, and relatively fragmented. To success-

Figure 1Evolution from ÒConventionalÓ to ÒTeleÓ surgery.

Telerobotic surgery 171

Telesurgery

Data synchronization



Two-way communication applications - wireless

Video conferencing
BattleÞeld Telerobotic Surgery
The future application of telesurgery for patients in extreme
environments is currently providing the bulk of the funding
for the development of telesurgery (Fig. 7). It is often time
and cost prohibitive to evacuate soldiers, mariners, submari-
ners, and astronauts from their extreme environments to un-
dergo urgent or emergent surgery.22,23 The mortality rate for
injured American armed service members during Operations
Enduring Freedom (OEF) and Iraqi Freedom (OIF) (10%)
was decreased by 67% compared to the mortality rate for
soldiers injured in World War II (30%), and by 58% com-

pared with the mortality rate during Operation Desert Storm
(24%).24 The decrease in mortality rate has occurred despite
an increase in the severity and complexity of wounds suf-
fered. While the signiÞcant increase in survival is in part
because of improved medical care, it is primarily the result of
the decrease in time required to receive deÞnitive medical
care. The majority of modern war deaths occur within the
Þrst hour after injury; the Ògolden hour.Ó Limited medical
assets and unacceptably high human risk suggest we will not
be able to address this unmet medical need by placing mul-
tiple surgical teams across the front lines of battle. A force

Figure 7BattleÞeld telerobotic surgery.
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quality and type of care available to patients in rural set-
tings as well as patients in extreme and remote environ-
ments such as the battleÞeld, at and under the sea, and in
extraterrestrial locations.15

As telesurgery gains acceptance within the surgical commu-
nity, we envision networks of telesurgeons operating on patients
located in both remote mobile and Þxed telesurgery suites.
Widespread application necessitates cooperation of multiple
telecommunication providers; network issues increase with the
addition of every network provider and interfaces. Unfortu-
nately, the QoS provided by the entire network is only as good as
the QoS on the worst leg of the network. Providing telesurgery

to underserved rural patients is currently difÞcult as the Þnal leg
or Òlast mileÓ is in general insufÞcient.

Novel wireless communication technology shows promise
in the rural application of telesurgery. Because the delay as-
sociated with satellite communication is signiÞcant, we con-
tinue to explore mobile robotic telesurgery using alternative
technologies such as high altitude unmanned airborne vehi-
cle communication systems. For example, Helios (AeroVi-
ronment, Inc., Monrovia, CA) is a prototype lightweight so-
lar-electric ßying wing that could provide broadband, low
latency telecommunication to rural communities that would
be ideal for use in telesurgery.

Figure 6Telesurgery has the potential to connect expert and subspecialist surgeons to patients located in isolated areas
where access to major medical centers and/or specialty care is difÞcult to achieve.
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BattleÞeld telesurgery

Rural telesurgery



1 Dialogue   !   or =     2 Monologues ?

It depends....

we will use information theory to Þnd out.



" Information theory - what, why, when 

" Two-way channel - channel coding 

" Wireless channels and networks!

" Two-way cellular-like networks !

" Two-way relay channels - canonical example of wireless network coding
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Overall - much is still unknown 
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Information theory - what, why, when

A Mathematical Theory of 
Communication. Bell System  Technical 
Journal , 27, 379Ð423 & 623Ð656, 1948.

What is 
information?

What is 
communication?

How fast can we 
communicate?

How much can 
we compress 
information?

RANDOMNESS



Information theoryÕs claims to fame

Source coding

" Source =  random variable!

" Ultimate data compression limit is 
the sourceÕs entropy Hmp3

jpgzip
Channel coding

" Channel =  conditional distributions !

" Ultimate transmission rate is the 
channel capacity CGGGOOOOOODDD

Turbo-codes

fading channel

Reliable communication possible ↔ H<C



Source vs. channel coding

Source Encoder Channel Decoder Destination

Noise

Source
Source 
coder

Channel
Source 
decoder

Destination

Noise

Channel 
coder

Channel 
decoder

Encoder Decoder

Remove redundancy
Controlled adding of redundancy

Decode signals, detect/correct errors

Restore source



Source coding = data compression

Source Encoder Decoder Destination

! Lossless:

H (X ) = !
!

x p(x) log2(p(x))

! Lossy:

ar
X

iv
:0

80
2.

13
83

v1
  [

cs
.IT

]  
11

 F
eb

 2
00

8

On Directed Information and Gambling
Haim H. Permuter
Stanford University
Stanford, CA, USA
haim1@stanford.edu

Young-Han Kim
University of California, San Diego

La Jolla, CA, USA
yhk@ucsd.edu

Tsachy Weissman
Stanford University/Technion

Stanford, CA, USA/Haifa, Israel
tsachy@stanford.edu

AbstractÑWe study the problem of gambling in horse races
with causal side information and show that MasseyÕs directed
information characterizes the increment in the maximum achiev-
able capital growth rate due to the availability of side infor-
mation. This result gives a natural interpretation of directed
information I (Y n ! X n ) as the amount of information that Y n

causallyprovides aboutX n . Extensions to stock market portfolio
strategies and data compression with causal side information are
also discussed.

I. I NTRODUCTION

Mutual information arises as the canonical answer to a va-
riety of problems. Most notably, Shannon [1] showed that the
capacityC, the maximum data rate for reliable communication
over a discrete memoryless channelp(y|x) with input X and
outputY , is given by

C = max
p(x)

I (X ; Y ), (1)

which leads naturally to the operational interpretation ofmu-
tual informationI (X ; Y) = H (X ) − H (X |Y) as the amount
of uncertainty aboutX that can be reduced by observation
Y , or equivalently, the amount of informationY can provide
aboutX . Indeed, mutual informationI (X ; Y) plays the cen-
tral role in ShannonÕs random coding argument, because the
probability that independently drawnX n and Y n sequences
ÒlookÓ as if they were drawn jointly decays exponentially
with exponentI (X ; Y). Shannon also proved a dual result
[2] showing that the minimum compression rateR to satisfy
a certain Þdelity criterionD between the sourceX and its
reconstructionöX is given byR(D) = min p(x̂|x) I (X ; öX ). In
another duality result (Lagrange duality this time) to (1),Gal-
lager [3] proved the minimax redundancy theorem, connecting
the redundancy of the universal lossless source code to the
capacity of the channel with conditional distribution described
by the set of possible source distributions.

Later on, it was shown that mutual information has also an
important role in problems that are not necessarily relatedto
describing sources or transferring information through chan-
nels. Perhaps the most lucrative example is the use of mutual
information in gambling.

Kelly showed in [4] that if each horse race outcome can
be represented as an independent and identically distributed
(i.i.d.) copy of a random variableX and the gambler has some
side informationY relevant to the outcome of the race, then
under some conditions on the odds, the mutual information
I (X ; Y) captures the difference between growth rates of the

optimal gamblerÕs wealth with and without side information
Y. Thus, KellyÕs result gives an interpretation that mutual
information I (X ; Y ) is the value of side informationY for
the horse raceX .

In order to tackle problems arising in information systems
with causally dependent components, Massey [5] introduced
the notion of directed information as

I (X n → Yn) !

n
∑

i=1

I (X i; Yi|Y i−1),

and showed that the maximum directed information upper
bounds the capacity of channels with feedback. Subsequently,
it was shown that MasseyÕs directed information and its
variants indeed characterize the capacity of feedback and two-
way channels [6]Ð[13] and the rate distortion function with
feedforward [14].

The main contribution of this paper is showing that directed
information I (Y n → X n) has a natural interpretation in
gambling as the difference in growth rates due tocausal side
information. As a special case, if the horse race outcome and
the corresponding side information sequences are i.i.d., then
the (normalized) directed information becomes a single letter
mutual informationI (X ; Y ), and it coincides with KellyÕs
result.

The paper is organized as follows. We describe the notation
of directed information and causal conditioning in SectionII.
In Section III, we formulate the horse-race gambling problem,
in which side information is revealed causally to the gambler.
We present the main result in Section IV and an analytically
solved example in Section V. Finally, Section VI concludes the
paper and states two possible extensions of this work to stock
market and data compression with causal side information.

II. D IRECTED INFORMATION AND CAUSAL CONDITIONING

Throughout this paper, we use thecausal conditioning nota-
tion (·||·) developed by Kramer [6]. We denote asp(xn||yn−d)
the probability mass function (pmf) ofX n = ( X 1, . . . , X n)
causally conditioned on Y n−d, for some integerd ≥ 0, which
is deÞned as

p(xn||yn−d) !

n
∏

i=1

p(xi|xi−1, yi−d).

s.t.
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Communication system model

Source Encoder Channel Decoder Destination

Noise

What is the capacity of this channel?

Source Encoder Channel Decoder Destination

Message
Estimate of message



Channel capacity

! Information channel capacity:

! Channel coding theorem says: information capacity = operational capacity
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Source Encoder Channel
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How to communicate reliably?



Source Encoder Channel
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Channel capacity: a cute example

Use these 9 symbols!



Capacity in general

! Main idea was to reduce the rate (from a 27-letter input per channel use to a 
9-letter input per channel use) so as to produce

Non-overlapping outputs!
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Mathematical description of capacity

! Can achieve reliable communication for all transmission rates R:

R < C C0

R!

R > C 

! BUT, probability of decoding error always bounded away from zero if 

C0

RX



Capacity: key ideas

! choose input set of codewords so they are Ònon-confusableÓ at the output"

! number of these that we can chose will determine the channelÕs capacity"

! number that we can choose will depend on the distribution p(y|x) which 
characterizes the channel

Source Encoder Channel Decoder Destination

Message
Estimate of message



One-way channel capacity

bits/channel useC = max
p(x)

I(X; Y )

1

“mutual information” !
between X and Y

I(X; Y ) =
∑

x,y

p(x, y) log

(

p(x, y)

p(x)p(y)

)

B = B1 + B2

! = " , #

(R1! , R1" , R2! , R2" )

6

Source Encoder Channel Decoder Destination

Message
Estimate of message

A few examples



What is capacity / mutual information?
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Entropy of a random variable

H (X ) = !
!

x p(x) log2(p(x))

(A) entropy is the measure of average uncertainty  in the random variable"

(B) entropy is the average number of bits  needed to describe the random 
variable"

(C) entropy is measured in bits? "

(D) "

(E) entropy of a deterministic value is 0
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Entropy of a uniform distribution

! Let X be uniformly distributed over 8 outcomes. What is the entropy of X?

! This is the number of bits needed to describe X!

! By extension, for a discrete random variable taking on K outcomes, the 
maximal entropy  is attained by a uniform distribution and is equal to the 
number of bits needed to describe K:

H(X) = log2(K)

H(X) =
⇤8

x=1 p(x) log2(p(x)) = �
⇤8

x=1
1
8 log2

�
1
8

⇥
= log2(8) = 3 (bits)



! Suppose X represents the outcome of a horse race with 8 horses, which win 
with probabilities 

Entropy of a non-uniform distribution
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! 8 outcomes, 3 bits? But on average can represent with 2 bits!
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(000,001,010,011,100,101,110,111)

3 bits

(0,10,110,1110,111100,111101,111110,111111)

2 bits (on average!)



Entropy of a continuous random variable
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Entropy of a Gaussian random variable
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Entropy maximization

! Gaussian  maximizes entropy for a given covariance constraint
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Mutual information between 2 random variables: 
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Mutual information between 2 random variables: 

(A) I(X;Y) is the reduction in the uncertainty about X due to knowledge of Y "

(B) if X, Y are independent I(X;Y) = 0"

(C) if X=Y then I(X;Y) = H(X)"

(D) I(X;Y) is non-negative
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Properties of mutual information

H(X|Y) H(Y|X)I(X;Y)

H(X)

H(Y)

H(X,Y)

H(Y|X,Z)

H(X)

H(Z)

I(X;Y)

H(Z|X) H(Z|X,Y)

I(X;Y|Z)A

H(Z|Y)

H(X|Y,Z)

H(Y)

H(X,Y|Z)

With permission from David J.C. Mackay  



Capacity bits/channel useC = max
p(x)

I(X; Y )

1
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∑
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B = B1 + B2
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X Y
Channel: p(y|x)

Channel capacity



Noiseless channel

o o

1 1

Capacity?
1 bit/channel use

Channel capacity

C = max
p(x)

I(X;Y )

= max
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= max
p(x)

H(X)� 0

= 1
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1/2

1/2

1/2

1/2

Non-overlapping outputs

Capacity?
1 bit/channel use

Channel capacity

C = max
p(x)

I(X;Y )
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= max
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H(X)� 0

= 1
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Noisy typewriter

Capacity?

Channel capacity

C = max
p(x)

I(X; Y )
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p(x)

H(X) �H(X|Y )
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H(X) � log2(3)
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p(x)

H(X) ! H(X |Y )
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p(x)

H(X) ! log2(3)

= log2(27) ! log2(3) = log2(9)
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Binary erasure channel

Capacity?
1-f bits/channel use

Channel capacity
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Capacity bits/channel useC = max
p(x)

I(X; Y )

1

“mutual information”  
between X and Y

I(X; Y ) =
∑

x,y

p(x, y) log

(

p(x, y)

p(x)p(y)

)

B = B1 + B2

! = " , #
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X Y
Channel: p(y|x)

Discrete memoryless channel capacity



Capacity bits/channel useC = max
p(x)

I(X; Y )

1

“mutual information”  
between X and Y

X Y
Channel: p(y|x)

What if 
X and Y are not bits, but real numbers?

Continuous alphabet channel capacity



YX = h X + N
h 

N Gaussian noise ~ N(0,PN)

Wireless channel 
with fading

AWGN channel capacity

Power constrained to P



YX = h X + N
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N Gaussian noise ~ N(0,PN)

Wireless channel 
with fading
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AWGN channel capacity



signal power at Rx

noise power at Rx

YX = h X + N
h 

N Gaussian noise ~ N(0,PN)

Wireless channel 
with fading
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C = 1
2 log

!
|h |2 P + PN

PN

"

= 1
2 log (1 + SNR) (bits/channel use)

What about bits/second and bandwidth of the channel?

[Bandwidth W, h=1, spectral density N0/2] 

C = W log2

!
1 + P

W N 0

"
(bits/second)

YX = h X + N
h 

N Gaussian noise ~ N(0,PN)

Wireless channel 
with fadingAWGN channel capacity



Source vs. channel coding

Source Encoder Channel Decoder Destination

Noise

Source
Source 
coder

Channel
Source 
decoder

Destination

Noise

Channel 
coder

Channel 
decoder

Encoder Decoder

Remove redundancy
Controlled adding of redundancy

Decode signals, detect/correct errors

Restore source



How We May Appear to Future Generations

Claude Shannon — Born on the planet Earth (Sol III) in
the year 1916 A.D. Generally regarded as the father of the
Information Age, he formulated the notion of channel capac-
ity in 1948 A.D. Within several decades, mathematicians
and engineers had devised practical ways to communicate
reliably at data rates within 1% of the Shannon limit . . .

Encyclopedia Galactica, 166th ed.

Use?

-Robert J. McEliece, Allerton 2000

Forney, G.D. and Costello, D.J., ``Channel Coding: The 
Road to Channel Capacity,’’ Proceedings of the IEEE, 

Volume 95,  Issue 6, pp.1150-1177,  June 2007. [ ]

! algebraic codes"

! convolutional codes "

! iterative codes (LDPC, 
turbo)



Use?

! Benchmark for performance of practical systems

! Guideline in designing systems  - whatÕs worth shooting for?"

! Theoretical insights can lead to practical insights



So now what?

Unsolved

Fundamental

!



! Information theory - what, why, when 

" Two-way channel  - channel coding 

! Wireless channels and networks"

! Two-way cellular-like networks "

! Two-way relay channels - canonical example of wireless network coding
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1
2
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R2 # I (Y2; X 2|X 1)

Let Z = ( Y1, Y2, X 1, X 2, V 1, V 2, W) be distributed as:

P(w) $ P(m1! |w)P(m1" |w)P(x1|m1! , m1" , w)

$ P(m"
1! |m1! , w)P(m"

1" |m1" , w)P(m2! |v1, w)P(m2" |v1, w)

$ P(x2|m2! , m2" , m" , w)P(y1|x1, x2)P(y2|x1, x2)

1

Source Encoder Channel Decoder Destination

Message
Estimate of message

1 2Channel

X

Y1

Y2

X 1

X 2

Y

X

X 1

Y

Y1

a br

Source coding, channel coding, entropy and mutual information, capacity, Gaussian noise channel



One-way channel capacity

bits/channel useC = max
p(x)

I(X; Y )

1

“mutual information” !
between X and Y

I(X; Y ) =
∑

x,y

p(x, y) log

(

p(x, y)

p(x)p(y)

)

B = B1 + B2

! = " , #

(R1! , R1" , R2! , R2" )

6

symmetric in its arguments!

Source Encoder Channel Decoder Destination

Message
Estimate of message



One-way channel capacity - notation

X Y

Source Encoder Channel Decoder Destination

Message
Estimate of message

⇔
⇔

X Y
1 2



Two-way channel (historical)

TWO-WAYCOMMUNICATION
CHANNELS

CLAUDEE. SHANNON
MASSACHUSETTSINSTITUTE OF TECHNOLOGY

CAMBRIDGE, MASSACHUSETTS

1. Introduction
A two-way communication channel is shown schematically in figure 1. Here xi

is an input letter to the channel at terminal 1 and yi an output while x2 is an

xl Y2
CHANNEL

Y, do^ X2

TERMINAL I TERMINAL 2
FIGURE 1

input at terminal 2 and Y2 the corresponding output. Once each second, say,
new inputs xi and x2 may be chosen from corresponding input alphabets and
put into the channel; outputs yi and Y2 may then be observed. These outputs
will be related statistically to the inputs and perhaps historically to previous
inputs and outputs if the channel has memory. The problem is to communicate
in both directions through the channel as effectively as possible. Particularly, we
wish to determine what pairs of signalling rates R1 and R2 for the two directions
can be approached with arbitrarily small error probabilities.

X' NW K I } - Y2

y, K 2 d

FIGURE 2

Before making these notions precise, we give some simple examples. In figure 2
the two-way channel decomposes into two independent one-way noiseless binary
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Two-way channel capacity region
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(Aside: I(X;Y) and I(X;Y|Z))
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General results
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Inner bound

Multiuser Information Theory [11]

ShannonÕs Inner Bound and Outer Bound

Inner bound:

R1 ! I (X 1; Y2|X 2)

R2 ! I (X 2; Y1|X 1)

whereX 1 and X 2 follow the joint distributionp(x1, x2) = p(x1)p(x2).

Outer bound:

R1 ! I (X 1; Y2|X 2)

R2 ! I (X 2; Y1|X 1)

where the joint distribution of random variablesX 1 and X 2 is p(x1, x2).

Outer bound

Multiuser Information Theory [11]

Shannon’s Inner Bound and Outer Bound

Inner bound:

R1 ! I (X 1; Y2|X 2)

R2 ! I (X 2; Y1|X 1)

whereX 1 and X 2 follow the joint distributionp(x1, x2) = p(x1)p(x2).

Outer bound:

R1 ! I (X 1; Y2|X 2)

R2 ! I (X 2; Y1|X 1)

where the joint distribution of random variablesX 1 and X 2 is p(x1, x2).

Not in general equal!

1 2



When is capacity known

! Parallel two-way channel"

! Mod-2 adder "

! Two-way restricted channel "

! Two-way Òpush-to-talkÓ channel"

! Two-way Gaussian noise channel (full & half duplex, restricted & unrestricted)

When is capacity unknown
! General unrestricted discrete memoryless channels "

! Binary multiplier channel (BMC)"
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channels K1 and K2. Thus xi, x2, y1 and Y2 are all binary variables and the opera-
tion of the channel is defined by Y2 = xl and y, = x2. Wecan here transmit in
each direction at rates up to one bit per second. Thus we can find codes whose

R2

RIR1 I

FIGURE 3

rates (R1, R2) approximate as closely as desired any point in the square, figure 3,
with arbitrarily small (in this case, zero) error probability.

In figure 4 all inputs and outputs are again binary and the operation is defined

MOD.2 ADDER

Y, Y2
FIGURE 4

by yi = Y2 = xl + X2 (mod 2). Here again it is possible to transmit one bit per
second in each direction simultaneously, but the method is a bit more sophis-
ticated. Arbitrary binary digits may be fed in at xi and x2 but, to decode, the
observed y must be corrected to compensate for the influence of the transmitted
x. Thus an observed yi should be added to the just transmitted xi (mod 2) to
determine the transmitted x2. Of course here, too, one may obtain lower rates
than the (1, 1) pair and again approximate any point in the square, figure 3.

A third example has inputs xi and x2 each from a ternary alphabet and outputs
y, and Y2 each from a binary alphabet. Suppose that the probabilities of different
output pairs (YI, Y2), conditional on various input pairs (xI, x2), are given by
table I. It may be seen that by using only xl = 0 at terminal 1 it is possible to
send one bit per second in the 2 - 1 direction using only the input letters 1
and 2 at terminal 2, which then result with certainty in a and b respectively at
terminal 1. Similarly, if x2 is held at 0, transmission in the 1 - 2 direction is
possible at one bit per second. By dividing the time for use of these two strategies
in the ratio X to 1 - X it is possible to transmit in the two directions with
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How to achieve capacity region?
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Capacity: restricted channel

1 2
Multiuser Information Theory [11]

ShannonÕs Inner Bound and Outer Bound

Inner bound:

R1 ! I (X 1; Y2|X 2)

R2 ! I (X 2; Y1|X 1)

whereX 1 and X 2 follow the joint distributionp(x1, x2) = p(x1)p(x2).

Outer bound:

R1 ! I (X 1; Y2|X 2)

R2 ! I (X 2; Y1|X 1)

where the joint distribution of random variablesX 1 and X 2 is p(x1, x2).

Capacity region:

 [Shannon Õ61]



Capacity: ``push-to-talk’’ channel
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Capacity: Gaussian noise channel

1 2

Multiuser Information Theory [20]

Gaussian Two-Way Channel

Figure 12: Memoryless Gaussian Two-Way Channel

Y1 = aX 1 + bX2 + N1

Y2 = cX1 + dX 2 + N2

Multiuser Information Theory [21]

Theorem 3. The capacity region of GTWC with power constraintsP1, P2

is the setR(P1, P2) of all (R1, R2) such that

R1 ! (1/ 2) log(1 + c2P1/ ! 2
2)

R2 ! (1/ 2) log(1 + b2P2/ ! 2
1)

Gaussian inputs achieve the capacity region of GTWC and as a result,
feedback from the output to inputs is totally useless.

Capacity region:

 [Han Õ84]No dependence on ``aÕÕ or ``dÕÕ



Capacity: Gaussian noise channel

Multiuser Information Theory [21]

Theorem 3. The capacity region of GTWC with power constraintsP1, P2

is the setR(P1, P2) of all (R1, R2) such that

R1 ! (1/ 2) log(1 + c2P1/ ! 2
2)

R2 ! (1/ 2) log(1 + b2P2/ ! 2
1)

Gaussian inputs achieve the capacity region of GTWC and as a result,
feedback from the output to inputs is totally useless."TWO PARALLEL CHANNELS!!

•Achieved by Gaussian inputs
•``Feedback’’ does not help here

Multiuser Information Theory [20]

Gaussian Two-Way Channel

Figure 12: Memoryless Gaussian Two-Way Channel

Y1 = aX 1 + bX2 + N1

Y2 = cX1 + dX 2 + N2



When is capacity known

! Parallel two-way channel"

! Mod-2 adder "

! Two-way restricted channel "

! Two-way Òpush-to-talkÓ channel"

! Two-way Gaussian noise channel (full & half duplex, restricted & unrestricted)

When is capacity unknown
! General unrestricted discrete memoryless channels "

! Binary multiplier channel (BMC)"



Capacity unknown: Binary Multiplier Channel

1 2

random variables, which makes the computation of the new
outer bound possible.

Theorem 4: R ⌃ R�� , where

R�� ⌅ {((R1, R2) :
R1 ⇧ min[H(X1|X), I(X1;Y2|X2)],
R2 ⇧ min[H(X2|X), I(X2;Y1|X1)]}

where the joint distribution of X , X1,X2,Y1, and Y2 is

p(x)p(x1|x)p(x2|x)p(y1, y2|x1, x2)

Here p(y1, y2|x1, x2) is the channel transition function. and
|X| ⇧ |X1||X2| + 1, where X,X1, and X2 are the alphabets of
X ,X1, and X2, respectively.

Theorem 5: R ⌃ R��� ⌥R⇤ ⇤ ⇤⇥ where

R��� ⌅ {((R1, R2) :
R1 ⇧ min[H(X1|X), I(X1;Y2|X2)],
R2 ⇧ min[H(X2|X), I(X2;Y1|X1, X)]}

R���!
⌅ {((R1, R2) :

R1 ⇧ min[H(X1|X), I(X1;Y2|X2, X)],
R2 ⇧ min[H(X2|X), I(X2;Y1|X1)]}

Here the joint distribution of X , X1,X2,Y1,and Y2 is the same
as in Theorem 4, but

|X| ⇧ |X1||X2| + 2

for both R��� and R���!
.

III. BINARY MULTIPLYING CHANNEL

Binary multiplying channel (BMC) was investigated in [1]
as an example where Shannon’s inner bound and outer bound
to the capacity region of the two-way channel do not coincide.
The BMC is actually an AND gate defined as y1 = y2 = x1x2,
which is depicted in Fig.6.

Fig. 6. Binary multiplying channel

The Shannon’s inner bound and outer bound of BMC can
be written respectively as:

R1 = p2H(p1)
R2 = p1H(p2)

and

R1 = (1� p1)H(
p2

1� p1
)

R2 = (1� p2)H(
p1

1� p2
)

where H(·) is the entropy function and p1 and p2 are prob-
abilities taking real values in [0, 1]. The two bounds can be
found in Fig.13 of [1], where there is a discrepancy between
two regions.

D.W.Hagelbarger developed a simple coding scheme for the
BMC. At the first stage, two terminals independently generate
a random binary bit with probability p. At the end of this
stage, each terminal receives one bit, if it’s a 1, then decode the
information sent by the other terminal as 1 and the decoding
procedure ends. If a 0 is received, we enter stage 2. At this
stage, each terminal first send the complement of the bit sent
at stage 1. If a 1 is received, return the decoding result as 0
and end the decoding procedure. If a 0 is received, decoding
result is the bit just sent at stage 2 and the decoding procedure
ends. Since from a long run point of view, in a p2 portion of
the time we get a length 1 codeword and in the 1�p2 portion
of the time we get a length 2 codeword. Therefore, the average
rate of this code is:

R1 = R2 =
H(p)
2� p2

(11)

where H(·) is the entropy function. When p = 0.63, R1 and
R2 reach their maximum values 0.593, which can be seen
from Fig.7

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

p
ac

hi
ev

ab
le

 r
at

e

Achievable rate of D.W.Hagelbarger code for BMC

Fig. 7. Achievable rate of Hagelbarger’s coding scheme

Later on, Schalkwijk proposed a coding scheme [2] for the
BMC that operates outside the Shannon’s inner bound and
extended his method to get a ever higher achievable rate for
BMC in [3] and [4]. Here is a table of the symmetric capacity
bounds and symmetric achievable rate of the BMC:

TABLE I
RESULTS ON BMC

lower/upper bounds Rate (bits)
Shannon’s lower bound 0.61695
Hagelbarger’s lower bound 0.593
Schalkwijk’s lower bound 0.63056
Shannon’s upper bound 0.69424
Zheng’s upper bound 0.6390

IV. GAUSSIAN TWO-WAY CHANNEL

Han [6] derived a new inner bound by introducing a general
coding for the two-way communication channel. At the last
part of [6], Han proved that the Gaussian Two-Way Channel
(GTWC) is equivalent to a pair of parallel Gaussian channels
and therefore, the capacity region is speciÞed by a rectangle.

Fig. 8. Memoryless Gaussian Two-Way Channel

As we can see from Fig.8, a memoryless GTWC is deÞned
as

Y1 = aX 1 + bX2 + N1

Y2 = cX1 + dX 2 + N2

where N1,N2 are Gaussian additive noise with mean0 and
variances! 2

1 and ! 2
2 respectively.

Theorem6: The capacity region of GTWC with power
constraintsP1, P2 is the setR(P1, P2) of all (R1, R2) such
that

R1 ! (1/ 2) log(1 + c2P1/ ! 2
2)

R2 ! (1/ 2) log(1 + b2P2/ ! 2
1)

Thus, itÕs obvious that the capacity has nothing to do with
parametersa andd, which is because the GTWC is an additive
channel and the ÕinterferenceÕ from each terminal itself can
be totally canceled at that terminal. The GTWC decoples into
two independent parallel Gaussian channels and therefore, the
capacity region is speciÞed by a rectangle. WhatÕs more, we
can see that independent Gaussian inputs at two terminals
achieve the capacity region of GTWC and as a result, feedback
from outputs to inputs is totally useless.

V. CONCLUSION

We have so far gone through the Þeld of two-way commu-
nication channels and gave a review of some key results. As a
conclusion, we have to point out that the key issue in two-way
channels is designing a coding scheme utilizing the feedback
information to achieve the capacity region. Han [6] derived a
Markov block coding scheme that utilizes the current block
message, previous block message and feedback message from
the previous block to achieve a larger rate region than Shan-
nonÕs random coding scheme. However, to further exploit the
feedback information , the capacity achieving coding scheme
should update the channel input by the feedback information
bit by bit rather than HanÕs block updating scheme.
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IV. GAUSSIAN TWO-WAY CHANNEL

Han [6] derived a new inner bound by introducing a general
coding for the two-way communication channel. At the last
part of [6], Han proved that the Gaussian Two-Way Channel
(GTWC) is equivalent to a pair of parallel Gaussian channels
and therefore, the capacity region is speciÞed by a rectangle.

Fig. 8. Memoryless Gaussian Two-Way Channel

As we can see from Fig.8, a memoryless GTWC is deÞned
as

Y1 = aX 1 + bX2 + N1

Y2 = cX1 + dX 2 + N2

where N1,N2 are Gaussian additive noise with mean0 and
variances! 2

1 and ! 2
2 respectively.

Theorem6: The capacity region of GTWC with power
constraintsP1, P2 is the setR(P1, P2) of all (R1, R2) such
that

R1 ! (1/ 2) log(1 + c2P1/ ! 2
2)

R2 ! (1/ 2) log(1 + b2P2/ ! 2
1)

Thus, itÕs obvious that the capacity has nothing to do with
parametersa andd, which is because the GTWC is an additive
channel and the ÕinterferenceÕ from each terminal itself can
be totally canceled at that terminal. The GTWC decoples into
two independent parallel Gaussian channels and therefore, the
capacity region is speciÞed by a rectangle. WhatÕs more, we
can see that independent Gaussian inputs at two terminals
achieve the capacity region of GTWC and as a result, feedback
from outputs to inputs is totally useless.

V. CONCLUSION

We have so far gone through the Þeld of two-way commu-
nication channels and gave a review of some key results. As a
conclusion, we have to point out that the key issue in two-way
channels is designing a coding scheme utilizing the feedback
information to achieve the capacity region. Han [6] derived a
Markov block coding scheme that utilizes the current block
message, previous block message and feedback message from
the previous block to achieve a larger rate region than Shan-
nonÕs random coding scheme. However, to further exploit the
feedback information , the capacity achieving coding scheme
should update the channel input by the feedback information
bit by bit rather than HanÕs block updating scheme.
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Usage: capacity of two-way channels

The capacity region of two-way channel is given by the limit as  

1 2

of the regions

where                   are adaptive independent codewords.

DifÞculty: space of codewords hard to compute!



Take away points - AWGN two-way channel

! If have half-duplex constraint and memoryless channels, time-share

! If have full-duplex - obtain two parallel clean channels

For applications -  
full duplex gains a lot!



! If have parallel two-way channels, mod-2 adder 

Take away points - Discrete memoryless two-way channel

! If have half-duplex constraint (``push-to-talkÕÕ), time-share

! If have restricted channel

Multiuser Information Theory [11]

ShannonÕs Inner Bound and Outer Bound

Inner bound:

R1 ! I (X 1; Y2|X 2)

R2 ! I (X 2; Y1|X 1)

whereX 1 and X 2 follow the joint distributionp(x1, x2) = p(x1)p(x2).

Outer bound:

R1 ! I (X 1; Y2|X 2)

R2 ! I (X 2; Y1|X 1)

where the joint distribution of random variablesX 1 and X 2 is p(x1, x2).

In general may need adaptive  codewords

In general OPEN PROBLEM



Relationship to feedback channels

! Feedback channel

Source Encoder Channel Decoder Destination

Message
Estimate of message

Information is still one-way!!

! Two-way channel

Source/Destination Encoder/Decoder Channel Encoder/Decoder Source/Destination

Set rate in "  direction to 0

Properly choose 



Two-way source coding = what skipping

29

whereN is a Gaussian random variable independent of(W, Z ) with zero mean and variance! 2
X |W,Z . SinceW is

known to the encoder and decoder we can subtract" W from X , and then using Wyner-Ziv coding for the Gaussian

case [20] we obtain

R(D) =
1
2

log
! 2

X |W,Z

D
. (98)

Obviously, one can not achieve a rate smaller than this even if Z is known both to the encoder and decoder, and

therefore this is the achievable region.
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Two-Way Source Coding with a 
Fidelity Criterion 

AMIRAM H. KASPI, ASSOCIATE MEMBER, IEEE 

Ahstrrrct-Let (X,, y), i = 1.2 . , be a sequence of independent, 
identically distributed bivariate random variables and consider the following 
communication situation. The X component of the process is observed at 
some location, say A, while the Y component is observed at a different 
location, say B. The X(Y) component of the process has to be reproduced 
at location B(A). It is desired to find the amount of information that 
should be exchanged between the two locations, so that the distortions 
incurred will not exceed some predetermined tolerance. A Òsingle-letter 
characterizationÓ of a certain region YK c 6%Ó of rates and distortions is 
given. This region contains (all, and only) the achievable rates and distor- 
tions for the special case where block coding is used and the information is 
conveyed through a one-way link that can switch direction only K times per 
block. 

I. INTRODUCTION 

L ET { X,, y }p=Ò=, be a sequence of independent copies of 
the pair (X,,Y) of discrete random variables taking 

values in X, ?V/, respectively, where 3, CV are finite sets, 
according to a probability distribution P(X, Y). We want 
to analyze the communication system of Fig. 1. 

The { Xi} part of the { Xi, yI} process is observed at one 
side (which we c@l the ÒX code?) and is supposed to be 
reproduced as { X} at the other side (the Y codec), where 
the {y } part of the process is observed. The Y process is 
to be recovered as { t } at the X codec. { R} and { ? } take 
values in the finite sets & and 4, respectively. We consider 
block coding only, that is, an n-vector x = (x,, x2; . ., x,,) 
and an n-vector y = (y,, y,, . . . , y,,) are received at the 
corresponding sides. After the input blocks have been 
received, an information exchange between the two codecs 
takes place, and then 3 and P are generated. The exchange 
of information can be governed by various protocols, 
among which we consider the following. The X codec (say) 
starts the information exchange by sending nRÕ, bits. The 
Y codec replies with nR: bits that are a function of y and 
the bits received from the X codec. Then, the X codec 
sends nRt bits as a function of x and the bits it received, 
etc. The process is repeated K times. The total rates (bits 
per symbol) used are 

R, = f Rk,, 
k=l 

R, = f R;, 
k=l 
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Fig. 1. Two-way source coding scheme. 

and the expected per-letter distortions are 

D, = E 
[ 
n-l i px(Xi, r;;) , 

i=l 1 
Dy = E n-l i p,(q, t.) , 

[ I=1 1 
where p,(. , .) and 4Ó( *, .) are given finite distortion mea- 
sures. 

In this paper we give, for each fixed K 2 1, a Òsingle- 
letter characterizationÓ of the region yK c JJ?~ of achiev- 
able rates and distortions. The characterization is shown to 
be exhaustive for any K < co. 

Let K * be the least K such that 

yK* - 
- il.rPK. 

Such a K * always exists (it may be infinite) because 

yK+l 3 YK, K= 1,2;... 

TWO immediate bounds on yK* can be given and are 
presented here. 

Outer Bound: You = {R,, R., D,, 0,): R, 2 

Rx,,(Dx>, R, 2 ~,yl,(D,>~~ where R,,,,(~.~,,) are the 
Wyner-Ziv rate-distortion functions for { X,, y} with {q} 
({ X, }) as the side information [l]. 

Inner Bound: .-Yin = {(Rx, R,p 0x3 D,)IR, 2 R.&?J; 
R., 2 R.,,,JD.,)lj where R,+,(D,) and R,vI,(Dy) are the 
conditional rate-distortion functions [2], [4]. In general, 
these two regions do not necessarily match, and we have 
the following relation: 

yout , ,yK* >YK3L713YiÓ, 

where the K in the middle stands for any K, 1 I K < K *. 
It remains for further research to determine which of the 
above inclusion relations is proper and, in particular, for 
what cases K * is finite when it is bigger than one. 

Although in this paper we consider finite X and CV only, 
all the above definitions can be modified for the case where 
X is Gaussian and Y = X + U, where U is also Gaussian 
and is independent of X, and p, and py are squared 
difference distortion measures. By the results of Wyner and 
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! Two-way (lossy) source coding using block-coding and protocols of K rounds

The main result of this subsection is the following:

Theorem2: For any DMSPXY ,

R(D) = R ! (D). (34)

First, let us notice that the lower bounds to per-step com-
pression ratesRx,k and Ry,k given in (32) and (33) equal
to

Rx,k ! I (X ; Zk |Y, Z1, ..., Zk" 1, W1, ...Wk" 1), (35)

and
Ry,k ! I (Y ; Wk |X, Z 1, ..., Zk , W1, ...Wk" 1), (36)

as immediately follows from deÞnition of the Markov struc-
tures (24)-(27). We provide the compression rates in the form
of (32)-(33) in order to emphasize the relation of Theorem 2
to Theorem 1. SpeciÞcally, by omitting all the intermediate
distortion constraints{ (! x,k , ! y,k )} K " 1

k=1 of Theorem 2 (for
example, by allowing them all to be inÞnite), we obtain that
Theorem 2 degenerates to Theorem 1, since the cumulative
coding rates afterK transmissions equalRx andRy . Our char-
acterization is more suitable to describe actual systems than
that of [3]. SpeciÞcally, in the next subsection, we consider a
case where the bitstreams of each of the communication steps
are transmitted via two separate rate-limited channels. Then,
the coding rates of each step are separately compared to the
capacities of the corresponding channels, an analysis which is
not possible with the original problem characterization of [3].

The results of Theorem 2 relate directly to the problem
of one-way successive reÞnement for the Wyner-Ziv problem,
investigated in [4]. SpeciÞcally, for the setting deÞned in this
paper, assume that only codec 1 transmits information to codec
2 and codec 2 is ÒsilentÓ. This scenario can be modelled by
taking Ry,k = 0 and allowing! y,k to be inÞnite for allk =
[1, 2, ..., K ]. Then, we end up with a one-way communication
scheme with successive reÞnement from codec 1 to codec 2,
with identical side informationY available at all reÞnement
stages [4]. Note that here, codec 2 represents solely all the per-
stage decoders of [4]. Since we can satisfy the aboveRy,k and
! y,k by choosing all auxiliary random variables{ Wk } K

k=1 to
be constants, under the constraints imposed on{ Zk } K

k=1 , we
obtain thatR(D) turns out to be that of [4].

B. Joint Source-Channel Coding

The main result of this paper is a necessary and sufÞcient
condition for{ ! x,k , ! y,k } K

k=1 to be the achievable distortion
levels of the scheme depicted in Fig. 1:

Theorem3: Given a DMS PXY , the distortion levels
{ ! x,k , ! y,k } K

k=1 are achievable for the two-wayK -step com-
munication over noisy stationary memoryless channelsPV |U

and PB |A if and only if there exist auxiliary RVs{ Zi } K
i =1

and { Wi } K
i =1 , taking values in Þnite alphabets{Z i } K

i =1 and
{W i } K

i =1 , of cardinality denoted by (30) and (31), respectively,
and satisfying (24) - (27), and deterministic decoding functions
{ Fk } K

k=1 and{ Gk } K
k=1 , satisfying (28) and (29), respectively,

such that for allk = 1 , 2, ..., K ,

! sI (X ; Zk , Wk |Y, Z1, ..., Zk" 1, W1, ...Wk" 1) "
! c1

" 1,k
C1, (37)

! sI (Y ; Zk , Wk |X, Z 1, ..., Zk" 1, W1, ...Wk" 1) "
! c2

" 2,k
C2. (38)

The similarity between the characterization of the region
of achievable distortion levels of Theorem 3 and the charac-
terization ofD is self evident. In fact, the only difference is
that in each communication stepk, the coding ratesRx,k and
Ry,k of the former are replaced by! c 1

! s " 1 ,k
C1 and ! c 2

! s " 2 ,k
C2,

respectively. The immediate conclusion from this observation
is that the separation principle applies to our model.

The proof of direct part comes directly from considering
an asymptotically optimumK -step two-way source code (in-
dependent of the channel) followed by a reliable transmission
code for each of the channels (independent of the source), i.e.,
separate source and channel coding. If the distortion level of
the two-way source code, presented in Section III-A, is chosen
such that! sRx,k < ! c 1

" 1 ,k
C1 and ! sRy,k < ! c 2

" 2 ,k
C2, one may

select constantsRs,x,k , Rc,x,k , Rs,y,k andRc,y,k such that for
everyk = 1 , 2, ..., K

NR x,k < NR s,x,k = m1,k Rc,x,k < m 1,k C1 (39)

and
NR y,k < NR s,y,k = m2,k Rc,y,k < m 2,k C2. (40)

In each communication step, each codec may then compress
the information aboutX (Y ) into Rs,x,k (Rs,y,k ) bits per
symbol within distortion ! x,k (! y,k ), and then map the
resulting NR s,x,k -bit (NR s,y,k -bit) codewords into channel
codewords of the same number of bitsm1,k Rc,x,k < m 1,k C1

(m2,k Rc,y,k < m 2,k C2). SinceRc,x,k < C 1 andRc,y,k < C 2,
there exist reliable channel codes which cause asymptotically
negligible additional distortion. SinceD can be chosen in this
way, such that! sRx,k is arbitrary close to! c 1

" 1 ,k
C1 and! sRy,k

to ! c 2
" 2 ,k

C2, all distortion levels for which! sRx,k < ! c 1
" 1 ,k

C1

and ! sRy,k < ! c 2
" 2 ,k

C2 are achievable.
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the set of all xÕs is partitioned into subsets called bins. 
Given x, Pr transmits its bin to Py. Py decides that x is 
a sequence in that bin which is jointly typical with r. Py 
can err only if there is more than one sequence in xÕs bin 
that is jointly typical with r. If the number of bins is large 
enough then, for almost all choices of bin partitions, this 
happens with probability of at most ~ / 2 .  

We can use our results to construct a protocol that 
commits errors of the first kind only (those resulting from 
occurrence of non typical ( x , Y )  sequences) and still 
requires at most N(X , IY , )  bits per source symbol. As (x, r) is uniformly distributed over the typical set, Theo- 
rem 2 implies that x can be communicated to Py while 
the expected number of bits exchanged by Pp and Py is at 
most 

H ( X I Y )  + 3 log(H(XIY)  + 1) + 17 2 nH(X , IY , )  

+ 3 logn + 3log(H(X,IY,)  + 1) + 17. 

Normalized by n,  the expected number of bits exchanged 
by Py and Py per source symbol is at most 

logn 310g(H(X,lYl) + 1) + 17 

n 
H(X , IY , )  + 3- + 

Therefore, the rate H ( X ,  IY,) is in the achievable region 
even if we require error-free communication of jointly- 
typical sequences. Note that in this case all of P2Õs ambi- 
guity sets are of roughly the same size, hence, our tech- 
niques can be simply modified to show that this bound 
applies to the worst-case number of bits as well. (We can 
derive a worst-case bound even when both Pz and P, 
want to convey X and Y to P :  there is a sequence of 
random pairs, hence we can use real time sharing to avoid 
the expectation resulting from the coin flip.) 

In order to achieve error-free communication, we al- 
lowed interaction: transmissions from P, to Py. With 
interaction allowed, the standard binning protocol can be 
modified to achieve error-free communication of jointly- 
typical ( x , Y )  sequences as well. Py checks if the bin 
containing x contains more than one sequence jointly- 
typical with y. If so, he asks PY to transmit a message that 
identifies x. The rationale is that with high probability 
the bin containing contains no other sequences jointly 
typical with E;, therefore, additional transmissions are 
unlikely. Yet, if the standard random-binning analysis is 
applied to this protocol, it yields a disappointing upper 
bound: 2 H ( X I Y ) .  The remark below draws a further 
distinction bewteen our method and this simple modifica- 
tion of random-binning, 

The preceding discussion assumes that interaction is 
allowed. What if communication is permitted only from 
Py to Py? Could we still communicate the jointly-typical 
sequences with no errors and achieve average rate of 
H ( X ,  I Y,)  bits per symbol? Not always. The lower bound 
argument for C,(KIZ, J )  in Example 1 can be modified to 
show that in many cases, an average rate of H ( X , )  bits 
per symbol is required when no interaction is allowed. 

Remark: To demonstrate why Òrandom-binning with 
simple correctionÓ is not effective for the current prob- 
lem, consider applying it to the League problem of Exam- 
ple 1. 

Assume that the t teams are partitioned into b random 
bins. With probability l /b,  the two playing teams belong 
to the same bin. With that probability, P cannot deter- 
mine the winner, hence P? has to transmit further mes- 
sages identifying the winner. With a simple-minded ap- 
proach where PZ then transmits [log t ]  additional bits, 
the expected number of bits is roughly log b + [log t]/b; 
arbitrarily more than C2( K I I ,  J )  which Example 1 showed 
is at most 3.  

y. 

VI. OPEN PROBLEMS 
We mentioned two open problems. 

Our bounds on C J X I Y )  are tight in only two cases: 
when ( X ,  Y )  is uniform, and when its support set is a 
Cartesian product. For other random pairs, these 
bounds may be far asunder. 
Can tight bounds on cx(XIY) be derived for arbi- 
trary random pairs? Can bounds be derived if some 
E > 0 probability of error is allowed? 
In Equation (lo), we have shown that if ( X , Y )  is 
uniform then 

c , ( X l Y )  5 2 H ( X l Y )  + 2 l o g ( H ( X I Y )  + 1) +7.5. 

Can the factor of two be improved, or is there a 
family of ( X ,  Y) pairs with increasing H ( X I Y )  such 
that for each pair in the family, 

C*( X I Y )  2 2H(  X l Y )  - o( H (  X I Y ) ) ?  

Note that for worst-case complexities there are ran- 
dom pairs for which two messages require twice the 
minimum number of bits (cf. l.51). 
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n 
H(X , IY , )  + 3- + 
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! Information theory - what, why, when 

! Two-way channel - channel coding 

" Wireless channels and networks 

! Two-way cellular-like networks "

! Two-way relay channels - canonical example of wireless network coding
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Let Z = ( Y1, Y2, X 1, X 2, V 1, V 2, W) be distributed as:

P(w) $ P(m1�|w)P(m1⇥|w)P(x1|m1�, m1⇥, w)

$ P(m"
1�|m1�, w)P(m"
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Source coding, channel coding, entropy and mutual information, capacity, Gaussian noise channel

Adaptive codewords, capacity in Gaussian noise = two parallel channels



Point-to-point

! Channel capacity"

! How to approach it for memoryless Gaussian noise channels

Is that the end of the story?

Wireless channel 
X Y

p(y|x)

!
!



NO! Motivation 1: two-way channels

Unsolved

Fundamental



NO! Motivation 2 - networks

M Tx antennas N Rx antennas

M Tx antennas N Rx antennas



Two-way networks!

M Tx antennas N Rx antennas

M Tx antennas N Rx antennas

Multi-user  
two-way



! Multi-user capacity region
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Achievable region
Capacity region

Outer bound
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Achievable region

Capacity region
Outer bound
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Achievable rate region

! Propose a coding scheme (random codes!)" R1 ! I (X 1; Y |X 2)

R2 ! I (X 2; Y |X 1)

R1 + R2 ! I (X 1, X 2; Y )
! Prove that as long as ⇒ holds, 

reliable communication possible



Achievable region
Capacity region

R1

R2

Outer bound

Outer bound

! Prove that error is bounded away from 0 when ⇑ not satisÞed

! Find a more capable channel whose capacity is known

! Be creative!
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R1 ! I (X 1; Y |X 2)

R2 ! I (X 2; Y |X 1)

R1 + R2 ! I (X 1, X 2; Y )



Achievable region

Outer bound

R1

R2

Capacity regions

Capacity region

! Limit of communication, NOT how to achieve it in practice necessarily!
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! However, benchmark and guidance in practical designs
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Three key multi-user channels



Multiple-access channel (MAC)

! Introduced by Shannon in 1961 "

! Capacity known for discrete and Gaussian noise channels "

!  Capacity [Ahlswede Õ71, Liao Õ72]"

! MIMO [Telatar Õ99]"

! Fading [Gallager Õ94, Shamai+Wyner Õ97, Tse+Hanly Õ98] 

X 1

X 2

Yp(x1, x2) = p(x1)p(x2) p(y|x1, x2)



Multiple-access channel (MAC)

Multiuser Networks: The Multiple Access Channel

! The MAC: p(y|x1, x2)
! p(x1, x2) = p(x1)p(x2)
! Introduced by Shannon in 1961
! Capacity known for both discrete and Gaussian channels

! Capacity [AhlswedeÕ71, LiaoÕ72]
! MIMO [TelatarÕ99]
! Fading [GallagerÕ94, Shamai & WynerÕ97, Tse & HanlyÕ98]

Ivana Mari«c and Ron Dabora Cooperation in Wireless Networks 20

! Capacity region is the closure of the convex hull of all rate pairs (R1, R2) 
satisfying 

for some distribution

R1 ! I (X 1; Y |X 2)

R2 ! I (X 2; Y |X 1)

R1 + R2 ! I (X 1, X 2; Y )

p(x1, x2, y) = p(x1)p(x2)p(y|x1, x2)

X 1

X 2

Y



Gaussian MAC

8.5 The Capacity Region with R0 = 0 367

Consider two examples.First, considerthe AWGN MAC with block
or per-symbol power constraints P1 and P2 for the respective transmit-
ters 1 and 2. The maximum entropy theorem ensuresthat

CMA C =

!
"

#
(R1,R2) :

0 ! R1 ! 1
2 log(1 + P1)

0 ! R2 ! 1
2 log(1 + P2)

R1 + R2 ! 1
2 log(1 + P1 + P2)

$
%

&
. (8.31)

The resulting region is plotted in Figure 8.4.Weremark that an alterna-
tiv e coding method for block power constraints is to use time-division
multiplexing (TDM) or frequency-division multiplexing (FDM). For
example, suppose that transmitters 1 and 2 use the fractions ! and
1 " ! of the available bandwidth, respectively. The resulting rates are

R1 =
!
2

log
'

1 +
P1

!

(
(8.32)

R2 =
1 " !

2
log

'
1 +

P2

1 " !

(
, (8.33)

where the transmitters boost their powers in their frequency bands.
The resulting rate pairs are plotted in Figure 8.4. In particular, by
choosing ! = P1/ (P1 + P2) one achievesa boundary point with

R1 + R2 = log(1 + P1 + P2). (8.34)

This shows that TDM and FDM can be e! ective techniques for the
MAC.

Fig. 8.4 CMA C for the AWGN MA C.
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The multiple-access channel capacity region is the closure of the convex
hull of all (R1, R2) satisfying

R1 < I(X1; Y ; X2)
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The multiple-access channel capacity region is the closure of the convex
hull of all (R1, R2) satisfying
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Multiple access channel

8.5 The Capacity Region with R0 = 0 367

Consider two examples.First, considerthe AWGN MA C with block
or per-symbol power constraints P1 and P2 for the respective transmit-
ters 1 and 2. The maximum entropy theorem ensuresthat

CMA C =
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0 ! R2 ! 1
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The resulting region is plotted in Figure 8.4.Weremark that an alterna-
tiv e coding method for block power constraints is to use time-division
multiplexing (TDM) or frequency-division multiplexing (FDM). For
example, suppose that transmitters 1 and 2 use the fractions ! and
1 " ! of the available bandwidth, respectively. The resulting rates are
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where the transmitters boost their powers in their frequency bands.
The resulting rate pairs are plotted in Figure 8.4. In particular, by
choosing ! = P1/ (P1 + P2) one achievesa boundary point with

R1 + R2 = log(1 + P1 + P2). (8.34)

This shows that TDM and FDM can be e! ective techniques for the
MAC.

Fig. 8.4 CMA C for the AWGN MA C.
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Multiple access channels in practice

! GSM"

!

! CDMA"

!

! WiFi
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Broadcast channel
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Broadcast channel

X

Y1

Y2

! Introduced by Cover in 1972 "

! Capacity known special cases: "

!  Degraded broadcast channels [Bergmans Õ73Õ74, Gallager Õ74]"

!  General BC with degraded message sets [Korner + Marton Õ77]"

! Gaussian MIMO broadcast channel [Weingarten, Steinberg, Shamai Õ06]"

! Best achievable rate region [Marton Õ79]"

p(y1, y2|x)



Best achievable rate region: Marton’s region

7.4 An Achievable Region for R0 = 0 via Binning 341

occurred. (We remark that the event (7.15) is likely to occur only
if PU1U2X Y1Y2 (á) factors as PU1U2X (á)PY1Y2|X (á).) Decoder 1 is likely
to make an error if there is a pair ÷w1, ÷v1 with ÷w1 != w1 such that
(un

1( ÷w1, ÷v1),yn
1 ) " Tn

! (PU1Y1 ). But the probabilit y of this event can be
made small if

R1 + R!
1 < I (U1;Y1). (7.16)

The corresponding event for decoder 2 can be made to have small
probabilit y if

R2 + R!
2 < I (U2;Y2). (7.17)

To seewhat rates (R1,R2) are achievable with (7.14)Ð(7.17),suppose
we choose R!

1 = ! I (U1;U2) for 0 # ! # 1. We then achieve

(R1,R2) = ( I (U1;Y1) $ ! I (U1;U2), I (U2;Y2) $ (1 $ ! )I (U1;U2) ).

Alternativ ely, the achievable rate region is deÞnedby the pentagon

0 # R1 # I (U1;Y1)

0 # R2 # I (U2;Y2)

R1 + R2 # I (U1;Y1) + I (U2;Y2) $ I (U1;U2), (7.18)

where [U1,U2] $ X $ [Y1,Y2] forms a Markov chain. This result is due
to Marton [43] and the region is depicted in Figure 7.2.

Consider,e.g., the corner point with ! = 1. Note that the rate R1 =
I (U1;Y1) $ I (U1;U2) is identical to the Gelfand-Pinsker rate RGP if we

Fig. 7.2 An achievable region for R0 = 0.
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Y2

! Capacity region is the closure of the convex hull of all rate pairs (R 1, R2) 
satisfying 

for some distribution

p(u1, u2, x, y1, y2) = p(u1, u2)p(x|u1, u2)p(y1, y2|x)

U1

U2



Gaussian broadcast channel

The multiple-access channel capacity region is the closure of the convex
hull of all (R1, R2) satisfying

R1 < I (X 1; Y ; X 2)

R2 < I (X 2; Y |X 1)

R1 + R2 < I (X 1, X 2; Y)

for some product distribution p(x1)p(x2).
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348 The Broadcast Channel

whereU and V are independentGaussianrandom variableswith respec-
tiv e variances ! P and (1 ! ! )P for some! satisfying 0 " ! " 1. We
consider (7.29) and compute

I (U;Y2) = h(Y2) ! h(Y2|U)

=
1
2

log
!
2" e[P + #2

2]
"

!
1
2

log
!
2" e[(1 ! ! )P + #2

2]
"

=
1
2

log
#

1 +
! P

(1 ! ! )P + #2
2

$
(7.36)

I (X ;Y1|U) = h(Y1|U) ! h(Y1|X )

=
1
2

log
!
2" e[(1 ! ! )P + #2

1]
"

!
1
2

log
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2" e#2

1

"

=
1
2

log
#

1 +
(1 ! ! )P

#2
1

$
. (7.37)

The achievable (R1,R2) are determined by varying ! , and they are
depicted in Figure 7.7. Observe that the region dominates the time-
sharing region, whoseboundary is given by the dashedline. One can
show that (7.36) and (7.37) deÞnethe capacity region by using Shan-
nonÕsentropy power inequality (seethe appendix of this section).

Finally, we point out the following interesting fact about (7.35). We
can encode by generating two code books of sizes2nR 1 and 2nR 2 with
codewords vn(w1), w1 = 1,2, . . . ,2nR 1 , and un(w2), w2 = 1,2, . . . ,2nR 2 ,
and by using xn = f n (vn(w1),un(w2)) for someper-letter function f (á).
This superposition coding scheme is closely related to the scheme
described above, but it is simpler. Superposition coding is often done
either as in Section 7.5 or as suggestedby (7.35).

Fig. 7.7 The capacity region of an AWGN broadcast channel.
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Relay channel

X

X 1

Y

Y1 p(y, y1|x, x 1)

! Introduced by Van der Meulen in 1968 "

! Capacity known special cases: "

!  Physically degraded relay channels [Cover, El Gamal Õ79]"

! 3 types of forwarding: "

! Decode+forward (DF), Compress+forward (CF), Amplify+forward (AF)"



Relay channel: outer bounds

! Cut set outer bound intuitive + useful!

X Y

! Point-to-point

X

X 1

Y

Y1

Rout = ! p(x ) I (X ; Y )

X

X 1

Y

Y1
! Relay channel

Rout = ! p(x,x 1 ) min{ I (X ; Y1, Y |X 1), I (X, X 1; Y )}



Relay channel: Decode + forward (DF)

! Exploit broadcast transmission of source "

! Source + relay transmit simultaneously (full duplex)"

! Create joint codebooks at source + relay

X

X 1

Y

Y1
R ! I (X ; Y1|X 1)

R ! I (X 1; Y ) + I (X ; Y |X 1) = I (X, X 1; Y )

R ! max
p(x,x 1 )

min{ I (X ; Y1|X 1), I (X, X 1; Y )}


