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Abstract—We investigate error exponent regions for the paral-
lel two-way DMC in which each terminal sends its own message
and provides feedback to the other terminal. Various error
exponents are presented in different rate-region regimes based on
the relative rates and zero-error capacities of both directions. The
schemes employed are extensions of error exponents for one-way
DMCs with noiseless, rate-limited and noisy feedback'.

I. INTRODUCTION

Shannon [1] introduced the two-way discrete memoryless
channel (DMC), and derived inner and outer bounds to its
capacity region. We focus on the two-way parallel DMC,
whose capacity region is a rectangle determined by the one-
way capacity of each link. Adaptation / interaction, or using
the feedback present in two-way channels, cannot increase this
capacity region, but may be exploited to attain larger error
exponents. We consider that either one or both directions have
a positive zero-error capacity Cp, and improve the reliability
at rate-pairs in the small error regime. Cy > 0 also alleviates
synchronization issues in variable length coding (VLC), since
the beginning / end of a message is signaled without error?.

In the two-way setting, a terminal may transmit messages
with small error at all rates below the one-way capacity, with
zero-error at all rates below Cj, provide noiseless feedback
for the other terminal limited to a certain rate below Cy,
provide noisy feedback, or any combination of the above.
We present achievable schemes and error exponents for the
two-way parallel DMC based on coding schemes for the one-
way DMC with feedback using VLC. The one-way reliability
function is defined for VLC as:

E(R) = _lim 1

= log Po(R, A),
E[A]—oo E[A] ogPe(R, A)

for 0 < R < C (for C the small error capacity), transmission
time A, and probability of error P.(R,A). Next we present
some fundamental results:

Burnashev’s reliability: for any DMC of capacity C, zero-
error capacity of zero, and noiseless output feedback using
VLC, Burnashev [4] demonstrated that E(R) < Egum(R):

Egum(R) == C} <1 — g) , for0< R<C, (1)
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2Synchronization over channels with noisy feedback has been addressed in
[2], and extended to two-way channels in [3].

where C} = maxy, 4, D (p(y|z1)||p(y|z2)) is the Kullback-
Leibler divergence of the distributions induced by the two most
distinguishable symbols of the forward direction alphabet.
Yamamoto-Itoh’s scheme [5]: utilizes noiseless feedback
in a two-stage VLC scheme to achieve Burnashev’s upper
bound. In the message stage, a capacity achieving code is
used to send a message whose preliminary estimate is fed
back without error. In the control stage, the encoder indicates
whether the receiver should accept the decision (ACK), or
await a retransmission (NACK). The control message estimate
is also fed back to keep synchronization. Errors result from a
wrong preliminary decision and a missed NACK. Retransmis-
sions occur if the decoder declares a NACK, which happens
with an exponentially small probability and the expected
number of transmissions for a message tends to one.
Forney’s error exponent [6]: is attained by using a single
bit of noiseless feedback to request a retransmission when
decoding leads to an erasure. Then, E(R) > Egom (R) , where:

Efom (R) = E(R)+ C — R, for Re <R<C. (2
Above, E,(R) corresponds to the sphere packing bound for a
DMC without feedback, and R to the smallest rate for which
the sphere packing upper bound tends to infinity [7, Sec. 5.8].

Rate-limited noiseless feedback: this interesting regime
has seen limited work — [8] characterized the noiseless feed-
back rate needed to attain Burnashev’s bound. In Section III,
we extend these results to obtain achievable error exponents
with noiseless rate-limited feedback.

Noisy feedback: this more complicated case, due to syn-
chronization issues, was studied for one-way DMCs using
VLC in [2], [9], and for the two-way parallel DMC in [3].

Contributions: We present achievable error exponents of
the one-way DMC with limited-rate noiseless feedback in
Section III. We use these results in Section IV for two-way sys-
tems, where either direction may have C > 0. Depending on
the availability and amount of Cj, a terminal may provide rate-
limited noiseless feedback to the other direction in addition to
the transmission of its own messages (either with zero or small
error). The operating rate-pair determines if this noiseless
feedback can be exploited to either exceed Forney’s reliability,
achieve Burnashev’s bound, or attain infinite reliability. Due
to space constraints, all proofs are relegated to the Appendix
of the extended version of this manuscript, available at [10].



II. PROBLEM STATEMENT

Let (X, W,)) denote a DMC characterized by finite input
and output alphabets X', ) and transition probability W (y|z),
for the transmission of equally likely messages from set M.
Let W™ denote n uses of the channel, then W™ (y™|z"™) =
[Tie; W(yk|zx) for 2™ € X™ and y™ € Y™. For systems
with active noiseless feedback, let Rgg € Rt be the available
rate of the feedback channel. For two-way channels, each
terminal is denoted by 7; for ¢ = 1,2. Let a two-way
(X1, V1, W (y1y2|x122), Va, X2) DMC be characterized by a
set of transition probability mass functions W (yiys|zi22),
finite input and output alphabets X, );, and message sets
M and M. In the two-way parallel DMC, W (y1ya|z122) =
Wia(yz|z1)-Wai (y1|22), where subscripts denote the commu-
nication direction from 7; to 75_;. This is equivalent to two
independent links operating in parallel and opposite directions.

A. The one-way DMC

The concepts of small-error capacity C, and zero-error
capacity Cy, for a one-way (X', W,)) DMC were introduced
by Shannon in [11] and [12] respectively.

Definition 1: A variable length block code C(M, Rgg, N)
for a one-way (X, W, Y) DMC with noiseless rate-limited Rpp
active feedback and block length N, comprises:

o A set of equally likely messages M.
o A set of forward channel encoding functions:

Tyt M x ZP1 5 X, where Z™ is the sequence received

through the rate-limited noiseless feedback link to produce

channel inputs X,, = x, (M, Z"~1).
o A set of feedback channel encoding functions:

zn : Y1 — Z which produce feedback inputs Z,, =

2, (Y1), with |ZN| < 2NBm per block of length N.
o A set of forward decoding functions: ¢,, : V" — M,
for n = 1,2,...,A, where A corresponds to the transmis-
sion time (a random variable), and is a stopping time for
which E[A] < N. Let R = 105[%” define the average
transmission rate, and let PG(R,A,RFB) (argument Rpp is
present according to the availability of feedback) be the
maximum error probability attained among all messages at
rate R and decoding (not erasure) occurring at time A, with
a noiseless feedback of rate Rpp. Then, P.(R, A, Rpg) =
max e Ploa(Y2) # m|M = m sent].

Definition 2: An error exponent is achievable at an expected
rate R over a one-way DMC with rate-limited feedback if there
exists a sequence of VLC codes such that:

_ —1 _
E(R, RFB) Z E[A]glli\fr,nN—wo E[A] log PS(R, A, RFB)7
for Cy < R <C. E(R7 RFB) =o0 for 0 < R < Co,VRFB.
B. The two-way parallel DMC

A parallel two-way DMC is formed by terminals 7; for
i = 1,2, and channels (Xi,Wi,(3_i)(y3_i|xi),y3_i). Let
R; (3—4) be the expected rate in the 7 — (3 — i) direction, and
Aj (3—i) the transmission time®> at which decoding decision

about message M; is made at T5_;.

3Each direction has its own transmission time.

Definition 3: Terminals T} and T interact if their corre-
sponding channel inputs at time n adapt to past outputs as
Xi,n = Tin (Mi7 y?71>'

Definition 4: A two-way variable
code C(M;j,My,N) for a  two-way
(X1, V1, W (y1y2|z122), V2, X2) DMC comprises:
o Two sets of equally likely messages M.

« Two sets of encoding functions x; ,, : M; x y;H — Xins
producing channel inputs X; , = 2, (M;, V"™ "),

« Two sets of decoding functions ¢;,, : Vi* = M,

for n = 1,2,...,A; (3_;), where A; 3_;) corresponds to the

transmission time in which a message is decoded at T5_; (as

in one-way case, a random variable with E[A; 3_5] < N.

Let an average rate-pair (Rja, Ro1) be defined by the
communication rates: Ri7(3_i) = E%f‘igﬁ‘)] for © = 1,2,
and let the error probability in each direction be denoted as
Pe, sy (Ra2, Ra1, Aj 3-4))- o

Definition 5: An error exponent pair E; 3_;) (R12, Rgl) is
achievable for a rate-pair (Ri2, Ra1), over a two-way parallel
DMC if there exists a sequence of two-way variable length
codes such that E[A; 3_;] < N for i = 1,2, and for very
large N simultaneously:

—logPe, ,_, (Ri2, Ra1, A (3-1))
E[A; 3-4)]
Definition 6: The achievable error exponent region (EER) is

the union over all achievable error exponent pairs at rate-pair
(a2, Ro1).

length
parallel

> E; 3-i) (Ri2, Ra1) .

III. MAIN RESULTS: ONE-WAY

Consider a one-way DMC with Cy = 0 and noiseless
active feedback with rate-limited to Rpg*. Let any attainable
error exponent for this channel at rate R in the absence
of feedback be F1,(R). When noiseless feedback is used,
improvements on the achievable error exponents depend on
how Rpp compares to the forward expected rate R, and how
feedback is used to detect and correct errors. With Yamamoto-
Itoh’s [5] scheme, Burnashev’s reliability is attained by feeding
back the message decoding decision made at the receiver.
However, the rate of the noiseless feedback transmission must
equal that of the forward link only up to a critical rate
R*, beyond which, as shown in [8], compressed noiseless
feedback may be transmitted instead in the message mode of
the Yamamoto-Itoh scheme in two forms: i) random-hashing:
independently and uniformly assigning each of the messages
into 2N bins, whose index is fed back to the transmitter
as a hash; and, ii) a joint channel-code / hash-function design
where an erasure decoding rule takes into account the bins
containing messages and is used to form a lower rate code.
These approaches result in the following two propositions, as
extensions of [8] that characterize achievable error exponents
for a given noiseless feedback rate>:

4The noiseless feedback link has a capacity of Copg thus Rpp < Copg -

SError exponents are defined for the regime Roo < R < C'if they depend
on Eg(-). In the regime Cyp < R < Roo, E1.(R) is achievable without
feedback using block codes. The reliability is unbounded for rates below Cl.



Proposition 1: An achievable error exponent for a one-
way DMC with rate-limited Rpg noiseless active feedback,
utilizing random hashing and VLC is given by E(R, Rpg) >
ERM 2 (R, Rep), for Ry, < R < C, where:

ERR{I-FB (R, Rpp) =

MAXR< Ry <C % Erom (Rdala)
+ min {RFB, (1 - g) Cl}, if Reg < R, (3)

EBurn(R)7 if RFB 2 R;

where Fgom(-) corresponds to (2), and Egyy(-) to (1). The
maximization above applies for R < R} = crors when R>
R} then Ry = C.

Proof: See Appendix A in [10].

When the joint channel-coding / hashing-function method
from [8, Sections 3.4-5] is used instead, we have the following:

Proposition 2: An achievable error exponent for a one-
way DMC with rate-limited Rpp noiseless feedback, and joint
design channel-coding / hashing-function and VLC is given
by: E(R, Rgp) > B (R, Rpg) for Roe < R < C as:

Blta (R, Fin) =
min {RFB + gESP (%(R — Reg), Q%, W) )
(1 — g) Cl} s if Rpg < R, 4

EBurn(R)7 if RFB Z R7

where Eg, (R, Q, W) corresponds to the sphere packing® error
exponent for rate R, input distribution () and channel law W,
and Q* is the capacity achieving input distribution.

Proof: Equation (4) results from [8, Equations (21-22)]. See
Appendix B in [10].

Propositions 1 and 2 are based on the Yamamoto-Itoh
scheme but using compressed noiseless feedback and allowing
erasure decoding. Feedback is also exploited to maintain
synchronization: the error-free control message informs the
transmitter of whether the preliminary decision was accepted
or not, regardless of correctness. The largest error exponent is
attained by a hybrid system that chooses the scheme to use
based on the rate-pair (R, Ryp):

Erirs (R, Res) > max { Ejl'pg (R, Rrs) . Efy'ts (R, Brs) } -

Figure 1 shows this error exponent (vertical axis) for different
values of forward and feedback rate-pairs (mapped on the
horizontal plane). Note that for a fixed R,as0< Reg < R
the first line in the expressions of either Proposition 1 (green
area) or 2 (gray area) are achievable. Once Rpp reaches R,
the reliability jumps to Burnashev’s, which for low R occurs
at an edge.

If the forward channel has Cy > 0, the operation of the
Yamamoto-Itoh scheme is simplified since the control stage is
free of errors in both directions, thus we have:

Proposition 3: An achievable error exponent for a one-way
DMC with rate-limited Rpp noiseless active feedback, using

6Esp(R, Q, W) is used under the assumption of totally symmetric channels.
See the discussion in [8, Equation (20), Sec. 3.4].

Burnashev's outer bound.

0| Proposition 1

| Proposition 2

Fig. 1. Achievable Error exponent with rate-limited noiseless feedback and
forward Cp = 0. We evaluated all rate pairs satisfying 0 < R < C and
0 < Rpg < C for a BSC(0.215).

random hashing, VLC, and satisfying 0 < Cy < R, is given
by E(R, Rpg) > ERO(R, Reg), where:

Ei'¥s (R, Rrp) =

Rrg + Erom(R), if Rpg < R,

for Roo < R < C, 5)
o0, if RFB > R,

for 0< R<C.

Note that E1,,(R) is achievable in the regime Cy < R < R,
and recall that infinite reliability is attainable for 0 < R < C,.

This proposition illustrates how Cy > 0 in the forward
channel may be exploited to boost reliability in the small error
regime as a consequence of having perfect knowledge of the
receiver’s control mode decisions.

Proof: See Appendix C in [10].

For channels with noisy feedback, VLC strategies must use
additional synchronization recovery techniques. In Yamamoto-
Itoh like schemes, feedback control messages may be incor-
rectly decoded at the encoder, causing terminals to lose track
of what message is being transmitted. In contrast, a single
bit transmitted with zero-error in either direction suffices to
maintain synchronization: i.e. a terminal may use this bit to
signal the termination of its own message, or alternatively, that
it accepted the current message sent from the other terminal.

IV. MAIN RESUSLTS: TWO-WAY

1. Non-interacting terminals: Any error exponent achiev-
able for a one-way DMC without feedback, Fi,(R), is
attainable in each direction of a two-way parallel DMC:
ie, Ei2(Ri2, Ro1) > Eiw (Ri2) and Epi(Ri2, Ra1) >
By (Ra1).

2. Interacting terminals: when terminals employ feedback/
interaction, this affects the error exponents:

Proposition 4: An achievable error exponent pair for the
two-way parallel DMC, in the rate-pair regime 0 < Cp,, <
ng < (Cio and 0 < 0021 < Rgl < (O, using VLC is:

E13(Ri2, Ro1) = Erom (R12)
E1(R12, R21) = Erom (R21)



Proof: When Cj,, = Cp,, = 0, this is shown in [3, Prop.
3@1)]. Alternatively when Cp,, > 0 and Cp,, > 0, each
terminal has access to at least a zero-rate noiseless feedback
link, and Forney’s (2) reliability can be directly achieved.

Next, we consider special cases where Proposition 4 can be
further improved when noiseless feedback at positive rate is
used in either direction depending on the zero-error capacity
of each link. We first recall that Shannon [13] showed that
in DMCs R, > 0 if and only if every output cannot be
reached from at least one channel input. Moreover, 0 < Cy <
Roo < C. Thus, depending on the transition probability matrix
of a DMC, the following four cases (denoted by c; for j =
1,2, 3,4) are possible in the two-way parallel DMC:

Cli(COZO,ROOZO), CQZ(COZO7RQO>O),

c3: (CO >0,Ry > Co), cq: (CO =Ry > 0) (6)

There exist channels satisfying R, = C, though we focus on
the cases above. Thus, a two-way parallel DMC may result
from the 1 — 2 link satisfying c;, and the 1 < 2, ¢;. We
denote this by (c;; cx) for j, k € {1,--- ,4}. There are ten pos-
sible scenarios resulting from combinations of (6), two shown
in Figure 2. Each may employ distinct schemes in different
rate-pair regimes. We do not enumerate all possible cases;
rather we present three examples that show how propositions
of Section III can be used in the two-way setting.

In the first example, we show how the direction with Cy = 0
benefits when the other has positive zero-error capacity. In the
second and third examples, both channels have positive zero-
error capacity. In the former the zero error capacities are equal
and both directions benefit from it, exceeding Forney’s relia-
bility in subregion I1I. In the latter, zero-error capacities are
different, yielding a small region outside rectangular regime
Cop,, x Cp,, where infinite reliability is attainable.

Example 1. (c1;¢4): Consider that direction 1 — 2 is a
symmetric channel with all probability entries strictly positive,
(i.e. a row of the matrix is [1 —¢, §, §] for € > 0) and Cp,,
R,, = 0. Direction 1 < 2 is a noisy typewriter channel [12]
of 4 inputs with Cp,, = R~,, = 1, and crossover probability
€ < 1/2. Thus (c1; ¢4) results in the rate-pair regimes /17 and
V' as shown in Figure 2 (right). Regime V' is further divided

Roy
Cyy
oo ) Vi
(&5 G ="Rooy =1l
- V'vr | I
| v Vi
Coy,
I ||V Bis /
Coiy Ry, Ch2 VI <
i R12
Cop, =0; Rog,, =0 R‘Z, R, Cox Cho

Fig. 2. Regimes in the capacity region of the two-way parallel DMC. Left:
channels (c3;c3), Right: channels (c1;cq) ~Example 1-.

into two sub-regimes, V; and Vi (see [10, Eq. (10)]), and a
small portion labeled 2. Region € is included in V; or Vg
depending on whether Proposition 1 or 2 is used for the 1 — 2
direction. For all rate-pairs in V/, the 1 <— 2 direction attains
infinite reliability, thus we focus next on the 1 — 2 direction
and illustrate how to take advantage of Cp,, > 0. We formalize
this in the following:

Proposition 5: An achievable error exponent region for the
two-way parallel DMC with Cp,;, = Roo,, > 0 and Cy,, =
R,, = 0 is determined for the following rate-pair regimes:

a. Y(Ry2, Ro1) € V7
E12(R12, Ra1) = Egum(R12),
Ea1(R12, Ra1) = o0,

b. V(Ri2, Ra1) € Vir:

F12(Ri2, Ro1) > ER™e(Ry2, Co,, — Ra1),
E>1(Ry2, Ro1) = o0,

when Proposition 2 is used, and if Proposition 1 is used:
E15(Ria, Ro1) > Egjftpg(Ri2, Co,y — Rov),
Es1(R12, Ra1) = o0,
c. V(Rya, Roy) € I
E13(Ri2, Ry1) =

_ Ri»
MAX R 5 < Ryuay, <C12 Ratay o Eom (Raatay» )

+min {0, (1-782) (1 i) &1
if Co,, (1 — ) < R,
EBurn(R12)7
if Co,, (1 - Rﬁ;) > Ry
RQI

_ max
Ro1 < Raatay; <C21 Rdatazl

Es1 (Ri2, Ra1) > Erom (Rdatay, ) -
Proof: See Appendix D in [10].

Example 2. (c4;cq): Consider a two-way parallel DMC
formed by two identical channels with positive zero error
capacity. Each direction corresponds to a noisy typewriter
channel of 4 inputs, with Cp,, = Reo,, = Co,y = Rooy, =1
and crossover probability € < 1/2. The resulting rate-regimes
are subregions I, V, V' and II1I, from Figure 2 (left). Error
exponent for regions V' and V' follow similarly.

Proposition 6: An achievable error exponent region for the
two way-parallel DMC with both directions having the same
ZEro-error capacity is:

a. Y(Ri2, Ro1) € It E12(Ri2, R21) = 00, Ea1(Ri2, R21) = 0.
b. V(R12, Ro1) € I11: See Proposition 7e in Example 3.
C. V(ng,Rgl) eV:

FE12(Ri2, Ro1) > Erom(Ri2) + (Co,, — Ra1),
Es1(Ry2, Ro1) = 0.

Proof: See Appendix E in [10]. Note that analogous results
apply V(ng, Rgl) eV’



Example 3. (c3;c4): Consider a two-way parallel DMC,
both directions with positive zero-error capacity, one larger
than the other. Let the 1 — 2 direction be a 4 input noisy
typewriter channel with Cp,, = Ro = 1 and crossover
probability ¢ < 1/2; and let the 1 + 2 direction to be
a pentagon channel [14] with Cy,, = log\/g ~ 1.16, and
Ry =log (g) Figure 3 shows the capacity region and rate-
pair regimes. The small triangle I" achieves the same reliability
as in I. Error exponents for V' result by flipping those of V,
but I.

R
Ca -
R V': (oo, Prop. 3) E II: Prop. 7e.
V' (00,Eq.(7)) E VI: Prop. 7f.
C021 . H
i
I: (00,00) ™ i V: (Prop. 3,00)
E
:F . Ry
RC’CIQ:COlz CU21 Cr2

Fig. 3. Two-way parallel DMC of channel combination (c4; c3).

Proposition 7: An achievable error exponent region for the
two-way parallel DMC satisfying: 0 < Cp21 < Roo,, < Coi,
and 0 < 0012 = R0012 < C1o and 0021 > 0012 is:

a. V(Ri2, Ra1) € I: E12(Ria, Ro1) = 00, Ba1(Ry2, Ra1) = 0.

b. V(Rlz, Rgl) eIV’

E12(Ry2, Ra1) = 00
E21(Ry2, Ra1) > E.(Ra1) + (Cop, — Ri2), (1)

where (7) results from Proposition 3 with the random
coding error exponent F,(R) instead of Forney’s.

. V(Rlz,Rgl) ev:

o

ElQ(R127R21) > EFOm(R12) + (0021 — R21),
Es1(Ry2, Ro1) = 0.

o

. Y(Ri2, R21) € III: An achievable error exponent region
results as Figure 4 (refer to Appendix F).

¢

—

. V(ng,Rgl) € VI: This regime is essentially similar to
111, with the distinction that the 1 < 2 direction cannot
achieve Forney’s reliability, thus, a general E1,,(-) error
exponent should be used instead of Epom(-) since ML
decoding is used.

Proof: See Appendix F in [10].

. V(Ri2, Ra1) € T: E12(Ria, Ro1) = 00, Ea1(Ri2, Ra1) = o00.

E‘zl(ﬁlLRZl)

(0 (1 22) o + B ()
™ N C12
(EForn(Ri12), Erorn(R21))

Equations (16)-(173
in [10]

Equations (18)-(19) in [10]

0.0

R _ B B
((1*#) Co,, + Erorn (321)40) Ey2(Ry2, Ray)
12

Fig. 4. Achievable EER for the subregion I of Proposition 7.

V. DISCUSSION AND OPEN PROBLEMS

There exist multiple open problems in two-way channels,
including a) the two-way variable length zero-error capacity
region; b) outer bounds for the two-way DMC EER for all
rate-pair regimes; and c¢) how messages and feedback can
be transmitted without invoking a time-sharing argument.
Our initial characterization of EER aims to illustrate how
a positive zero-error capacity can be exploited to not only
resolve synchronization but also simplify coding schemes and
increase reliability in the small error regime.
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APPENDIX
A. Proof of Proposition 1

For the regime in which the feedback rate is smaller or equal
to the forward expected rate, (3) is derived in a similar manner
as [8, Equation (3)], by letting the receiver use erasure decod-
ing instead, as we describe next. In the modified Yamamoto-
Itoh scheme proposed in [8], the receiver feeds back the bin
number (random hashing) that contains the estimated message
using maximum likelihood”. When erasure decoding is used
in addition to random hashing feedback, the receiver reserves
a special message “{0}” (corresponding to bin index zero) to
indicate the occurrence of an erasure and therefore, to request
a message retransmission. If an erasure occurs, all subsequent
transmissions (control mode in Yamamoto-Itoh) within this
round are ignored by both terminals and the process starts
over for the same message in the next round. If no erasure is
declared by the end of the message mode, the scheme proceeds
as in the modified Yamamoto-Itoh [8], with the difference that
2N 1 bins are available.

A block diagram of this coding scheme is shown in Figure
5. To fully use all channel uses in both directions, four
streams of messages are interleaved. For each stream (i), a
message chosen from the set {1,---,2V%} is transmitted in
AN channel uses in the forward direction. Simultaneously, the
hash message for message stream ¢ — 1 (corresponding to a
hard decoding decision, either a bin number chosen from the
set {1,---,2NEm _ 1} or message {0} for an erasure) is fed
back in N — v channel uses, where v = ﬁm does not depend
on N. If a bin number is fed back, the encoder compares
it with the one generated by the true message and replies a
confirmation message (ACK/NACK), which is transmitted in
the remaining (1—A)N channel uses (by means of a repetition
code). This message (a single bit) is estimated by the receiver
and returned to the encoder in ~ channel uses without error.

We follow the notation of [8]. The probability of error is
linked to the occurrence of an undetected error in the first
stage of the message mode (p,), and either the occurrence of
a hash collision (py, given by the inverse of the number of
bins) that is successfully acknowledged or a missed NACK
(in the case there is no hash collision), p,_,, = 2~ V1=V
which is attained using a repetition code as in Yamamoto-Itoh
[5] and by setting py—, < 6, where § > 0 is an arbitrarily
small number by Stein’s lemma. Thus:

Pe = Pu [phpa%a + (]- - ph)pn;ﬂl]
S DPu (ph + pn—>a)
— 9~ NABrm(Raw) [9~NRes 27N(17A)Cl} (8)

where R <
transmission

Rgaa < C corresponds to the instantaneous
rate in the forward direction and selected to

"Note that the schemes presented in [8] utilize bursty feedback, in which
a single channel uses suffices to transmit a message from the receiver to the
transmitter. Our schemes take into account that transmissions in the feedback
direction occur in multiple channel uses, at a given rate that cannot exceed
the feedback channel capacity.

maximize the attainable reliability; C is determined as in (1).
Above, we have upper bounded p, < 2~ NAFron(Faw)  Note
that there are exactly 2(N—7) % _1 bins available, and that for
large N and since 7 is a fixed number, 2(N =" ] ~ QN s

Next, we analyze the probability of a retransmission Pr,
which occurs when the decoder declares either an erasure at
the end of the message stage or when a NACK is declared at
the end of the control mode. Thus, denoting the conditional
probability that the preliminary decision is correct as p. =
P(M’ = m|M = m), we have that:

Pr« = P(NACK or Erasure)
< P(NACK) + P(Erasure)
= PcPa—n T Pu [phpa—m + (1 — ph)pn—m] + P(Erasure)

S Pa—n + Pu [phpa—nv, + pn—>n] + P(Erasure)
< Pacsm + 2pu <§5+2 (27}\NEFum(Rdala)> + P(Erasure)

Since d can be chosen arbitrarily small, and since it can be
shown that P(Erasure) — 0 as N — oo [6], the overall
Prx — 0 as N — oo. The probability of retransmission
Prix determines the number of block length N transmissions
needed. This number is geometrically distributed with mean
1%% ~ 1 when Pgry — 0. Hence, the expected transmission
rate is R, and the expected transmission time E[A] = N.
The error exponent resulting from (8) and the above is then:

. —log, P, .
E[il]rgoo % > )\EForn(Rdata) -+ min {RFB> (1 - )\)Cl}
)
Above, we pick A = %. Parameter Rgy, corresponds

to the instantaneous transmission rate, which is chosen to
maximize the error exponent as shown in Proposition 1. This
choice in particular, affects the term on the left side of the
sum in (9). The term on the right hand side of the sum is a
function that increases linearly with Rpg, which dominates this
1_ R

term until Rgg matches the term C ( Rdata) (which in turn
results in Burnashev’s reliability when Ry, = C). Next, note
that the largest value that Rpg may take, before Burnashev’s
reliability is achievable, is to approach very closely, but not
reaching R. Thus, we can see the right term of (9) as a
function that increases linearly with R instead, and until
R=0C (1 —
this point we set Rqy, = C and the error exponent is totally
characterized by the right term of the sum. For rates below R},
Ryaa # C is chosen to maximize the error exponent (since in
this regime Epom(Rdan) 7 0). B

The second line of (3) is achievable since with Rgg > R,
and the Yamamoto-Itoh scheme can be used directly.

, which we denote as R = R. Beyond

B. Proof of Proposition 2

Similarly to Proposition 1, the error exponent for the regime
in which the noiseless feedback rate equals or exceeds the
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Fig. 5. One-Way DMC with rate-limited noiseless feedback: a block diagram of our coding scheme.

expected forward rate results by direct use of the Yamamoto-
Itoh scheme. For the regime in which the feedback rate falls
below the forward expected rate, (4) is obtained from the upper
bound on the probability of error derived in [8, Sections 3.3-
3.5]. This error exponent is achieved using the block diagram
of Figure 5 and also used in achieving the error exponent
in Proposition 1. Note that (4) is represented in terms of the
sphere packing error exponent E,, as we have assumed totally
symmetric channels.

C. Proof of Proposition 3

We use the Yamamoto-Itoh scheme, noticing that if 0 <
Co < R, messages in the control mode may be exchanged
without error. Hence, the receiver knows exactly whether the
encoder agrees with the hash fed back in the message mode.
Errors occur due to a hashing collision caused by a wrong
preliminary decision (determined by erasure decoding and
Forney’s reliability), and that such incorrect decision results
in the same bin as the true message (the probability of this

event is given by the inverse of the number of bins).

If Rgg > R, there are no hashing collision errors and the
transmitter knows the decoder’s preliminary decision (as in the
original Yamamoto-Itoh scheme). Since there are no errors in
the control mode, the true message can be retransmitted until
it is received correctly, hence the second line of (5).

D. Proof of Proposition 5

Subregion I11:

This rate-pair regime corresponds to both terminals trans-
mitting at rates beyond the one-way zero-error capacity of their
corresponding forward channels. In this example Cp,, > 0 and
Cop,, = 0. Proposition 5 corresponds to the use of Proposition
1 for the 1 — 2 direction and the one-way scheme with noisy
feedback from [2] for the other (1 < 2) direction. The scheme
operates as shown in the block diagram of Figure 6 which is a
modification of the Yamamoto-Itoh coding scheme that allows
two-way message transmission. Note that message interleaving
has been used in order to make better use of both directions.

AM(1 =N (1=X)(1=0)N —6N
Message M, ACK/NACK: M,V Message M,*" | ACK/NACK: M," | |
C(]]g =0 ACK/NACK: ML —Anytime Sync. ACK/NACK: M,".
Message M, [‘I"Zae:zz;dc M Message M,V I giiz:ﬁk M0 I |
Coy >0 A2 (N— ) (I=X)(N=-0) |a
N

Fig. 6. Block Diagram for subregion 11 of Proposition 5.

For the 1 — 2 direction, the use of Proposition 1 occurs
as follows: a message M is sent in A;(1 — 6)N channel
uses, then a feedback hash message is returned in the
opposite direction with zero-error in (1 — A2)(N — «v) channel
uses and rate equal to Cp,,. Depending on whether the
received hash matches the one generated by the true message,
terminal 1 responds with a ACK/NACK repetition code in
(I = A1)(1 — )N channel uses. This message is decoded by
terminal 2 and later fed back with no error in a = 1/Co,,
channel uses. The protocol operates seamlessly as for one-way.

For the 1 < 2 direction Forney’s reliability can be attained
by means of the coding scheme proposed in [2]. This scheme
makes use of a round robin message scheduling that trans-
mits messages from L data stacks by means of an anytime
synchronization code of zero rate. This technique allows
conveying a single bit over a noisy channel with reliability
that increases with L. Note that terminal 2 transmit message
Ms in Ao(N — «) channel uses. The anytime code is sent
in the 1 — 2 direction using 6N channel uses. Here, § > 0
corresponds to an arbitrarily small positive number such that
limy o0 5% = 0.

Note that the coding scheme must ensure first that a
target average rate-pair (R12,Rz1) is achieved. To this end,
parameters \; and Ao must be chosen so that each direction
communicates at the desired rate. We choose these two pa-
rameters as:

Rio Ry

A and A =

Rdata12 Rdata21 ’
where Ris < Raua, < Ci2 and Riz < Ry, < Co
correspond to the effective instantaneous rate in each direction
respectively, and selected to attain the largest error exponent
determined by the scheme.



Then, from (3) an achievable error exponent for the 1 — 2
direction is:

E12(Ria, Ro1) =

maxp, , <Ruaaay 5 <C12 %&Eﬁm (Rdata12 )
+min{Co, (1= 725) - (1- ) 61
if C()21 (1 - Rii;) < R127
EBum(R)7 B
if Co,, (1 - Rl.f,i;) > Ry,

whereas, an achievable error exponent for the 1 < 2 direction
is given by:

Ry
7EF0rn (Rdalagl) .

datasq

Ey (Ria, Rg1) > max
R21 < Raaagy <C21
Subregion V: The achievable error exponents in V; and
Vi1 result from direct application of Propositions 1 and 2. To
understand how subregion V' is partitioned consider the error
exponents in the 1 — 2 direction: when Proposition 2 is used,
V7 corresponds to all rate-pairs (Ry2, Ro1) satisfying:

RQl S C()21 - R;Bv (10)

where, from [8, Equation (22)], Rj corresponds to:
R;B = min{ng, ’I“}7

and r > 0 is the smallest positive rate that satisfies:

Ry2 Ciz , 5 Ry
—FEp | =—(Ri2—1),Q", W >Ci(1—-——=—],
7”+Cl2 sp <R12( 12—71),Q 12 ] =201 s
for all 0 < Rys < Cys. In this characterization the small
portion (2 is part of V7. Alternatively, when Proposition 1 is
used, V; includes all rate-pairs (R12, Ro1) satisfying (10) with:

RIZEB = min {ng,Cl (1 — Rw)}
C’12

for all 0 < R;5 < C1o. Now, region € is part of Vj;.

The corresponding error exponents result as:

e Vi: The 1 — 2 direction can achieve Burnashev’s bound,
since for every rate-pair in F, T5 can provide noiseless
decision feedback to terminal 77.

e Vir: The error exponent in the 1 — 2 direction results
from Propositions 1 and 2, since for both, 75 can provide
noiseless feedback to 7} at a rate of Cp,, — Ro1.

The point R = R}, in Figure 2 indicates the largest rate
for which both methods require the same feedback rate to
attain Burnashev’s bound in the 1 — 2 direction. Beyond that
point, Proposition 1 requires a larger feedback rate than in
Proposition 2.

We now present a coding scheme for region V', based on the
block diagram of Figure 7, which modifies Yamamoto-Itoh’s
scheme to support two-way communication. First, message
transmissions for both terminals have been interleaved to make

more efficient use of both channels. For V7, the scheme is used
to achieve Burnashev’s bound in the 1 — 2 direction. Observe
that with o = 1/Cy,, channel uses it is possible to convey
ACK/NACK confirmation messages for the feedback control
mode with zero-error in the 1 < 2 direction. The message
transmission and feedback stages for the 1 — 2 direction
occur in A(N — «) channel uses. Message transmission for the
1 « 2 direction occurs in (1 — X\)(NN — &) channel uses. This
means that A is the time sharing parameter, which controls the
number of channel uses available for messages transmission
in the noiseless channel (1 < 2). This channel transmits with
zero-error at an instantaneous rate of Cp,,. Once the target
average rate R is established, one can determine the value of
A necessary to obtain such rate as Roy = ACy,, . This leaves a
rate of (1—M\)Cy,, to provide feedback for the other direction,
alternatively represented as C,, — Ra21. The operation of the
scheme remains unchanged regardless of whether decision or
hashed feedback is sent.

. —> (D) o - — [
Message M, Acknack g Message M| ek |B
Co,, =0 — D —
ACK/NACK — ACK/NACK —
Feedback M,V | Message M,"” Feedback M,"” Message M,V
0021 >0 AMN=- ) (I=X)(N—-a) a AN=-a) (I=AN)(N-a) a

Fig. 7. Block diagram for the two-way parallel DMC with one direction
having strictly positive zero error capacity.

E. Proof of Proposition 6

The results of Proposition 6 can be achieved by means of
the block diagram of Figure 8:

ACK/NACK: M ACK/NACK: M,

Message M, Message M,
Co,, >0 IDLE— IDLE —
Message M? ;Ie‘z;’;;‘i M, Message M,V }Z‘ZZ’;{Z,{ MO
Co,y, >0 AN—a) |(1-N)N-a)|a
N

Fig. 8. Block Diagram for subregion V'

In the 1 — 2 direction, message M; is transmitted in
(N — «) channel uses, at a rate Rjo. In the other direction,
message Mo is transmitted without error in A(/N — ) channel

uses. Here we choose \ = é?l , such that a target average
21

rate Roq can be attained transmitting at an instantaneous rate
equal to Cp,, when the block length is shortened by A. In
the remaining (1 — A)(N — «) channel uses, a hash regarding
the message sent by T is fed back without error at a rate
of Cy,, — Ro1. Since we use the same principles as in the
Yamamoto-Itoh scheme, a confirmation message needs to be
sent in the control mode to 7,. Exploiting the zero-error
capacity Cjp,,, a codeword of length a = ﬁ indicates
whether a retransmission is necessary or not. This message
needs no confirmation as it is sent without error.




F. Proof of Proposition 7

Subregion I': In the 1 < 2 direction, all rates are below
Cp,, whereas for the other direction infinite reliability is
attained even for rates beyond Cj,,. This is possible since
perfect decision feedback may be provided to 77 for all rates
satisfying Cp,, < R12 < Cy,,, since Cy,, > Cp,,. Thus, fol-
lowing Yamamoto-Itoh’s scheme, and since there are no errors
in the control mode messages (both directions have positive
zero error capacity), the message in the 1 — 2 direction can
be retransmitted until it is received perfectly. It can be shown
that the number of retransmission has a geometric distribution
and that the expected number of transmissions is one.

Subregion /11: Forney’s reliability is achievable by taking
advantage of error-free zero-rate transmissions that are pos-
sible when both directions have positive zero-error capacity.
These are used to send retransmission requests resulting from
an erasure output in a decoder.

The above may be further improved by exploiting the zero-
error capacity of each direction at positive rate. We consider
a coding scheme operating according to the following block
diagram similar to the Yamamoto-Itoh scheme:

MN—a) (1-XM)(N—a)
ACK/NACK: W] ACKINACK: W
; Hashed Hashed
() (i+1)
Wikestsgo 1) Feedback M, iatarge 1Y) Feedback M,
C()] ,>0
ACK/NACK: WL, ACK/NACK: W
W MO Hashed Message M,V Hashed _
S Feedback M, essage M Feedback M,”
Con >0 pv—a) |0 200 o
N

Fig. 9. Block Diagram for subregion V'

The scheme comprises three stages: i) message transmis-
sion, in which messages M; are transmitted in A\;(N — «;)
channel uses using a capacity achieving code, and estimated
at each receiver respectively; ii) hashed feedback, lasting for
(I — XN)(N — o) channel uses, in which a hash derived
from the estimated message is fed back without error; and
iii) confirmation (for the control mode message), which lasts

o = C; channel uses, in which a single bit is sent

from termmal T to T5_; to indicate whether the preliminary
decision hash is correct. If not, a retransmission follows.
Note that since control messages are transmitted without error,
no acknowledgment of this bit is necessary in the opposite
direction.

Assume that both channels operate at the average rate-pair
(ng, Rm). Next, consider the 1 — 2 direction (results for the
other direction follow by symmetry). With random hashing,
each of the 2(N—21)fi2 messages are independently and
uniformly assigned to 2(1=*2)(N=a2)Cos, bins. The number of
bins is determined by the amount of channel uses that remain
once message Mj has been transmitted in Ao (N —ap) channel
uses, and the 1 <— 2 channel’s zero-error capacity (since it
determines the largest number of messages that can be fed
back). Parameter Ao is determined by the average rate Roq at

which the 1 < 2 direction operates. Since the block length is
shortened by Ao, a target Ry is reached by transmitting at a
rate Rop < Raatay, < Co1. Then, since for very large N we
have that N — ay = n, we can set Ay = Rﬁil .

The hash is used once the receiver makes a prehmmary deci-
sion. The corresponding hash (bin number) is fed back without
error, so the transmitter can determine if a retransmission is
necessary when the received hash does not match the one of
the true message. We let receivers use erasure decoding and
reserve message (bin) {0} to indicate an erasure, thus enabling
decoders to initiate a retransmission.

An analogous analysis follows when hashing in the other
direction. Note that the block diagram of Figure 9 depicts the
transmission of two messages of the data stream which have
been interleaved to make better use of the channels in both
directions. Assume M; = m is sent, then, an overall error
occurs given the event that the preliminary decision M/ is not
correct and the bin number to which M is assigned is the
same as the one of the true message M;. Let h(m) denote the
hash generated by message m, then the probability of error is:

P€12 =P (M{ = mlv h(m/) = h(m) | M, = m)
= P (h(m') = h(m) | M{ = m/, M, = m)
P(M{=m"| My =m) (11)

In (11), the first factor corresponds to the probability of a
hash collision, whereas the second to a wrong decoding during
the transmission stage (an incorrect preliminary decision)
which is determined by Forney’s reliability. Thus, we can
upper bound this probability as:

P€12 S 27(N70‘2)(17A2)0021 . 27A1NEFom(Rduu\12)' (12)
Equivalently, for the other direction:
P621 S 27(N70(1)(17)\1)C012 . 27)‘2NEF0m(Rdala21). (13)

Since A\ = R{f’l? and )y = R21 , (12) and (13) become:
ataq o
P < 27(N70‘2)(17Rz‘%21>0021 9~ Rddmlg NEForn(Rdaldlg)

€12
Ro

R
—(N— 1- 12 |C —
Pe,, <2 ( al)( Rd“‘“lz) 912 97 Rauag,

for Riy < Rauay, < Ci2 and Roy < Ryaay, < Con.
It can be shown that the expected transmission time

NEFom (Rdulu2 1 )
)

E[A12] = E[A3;] = N. Then, the corresponding error
exponents result from:
E[Allir“r]n% sz’ 1z 1EO[‘OTA21IZ]812 > Era(Ri2, Ro1) =
(1— Rif;)com Rﬁ; Eron (Ruwss)  (14)
ealm % > B (Riz2, Ra1) =
(1— Rﬁ;)com A Bron (Rasy) (15)

Equations (14) and (15) show that there exists a trade off for
the choice of the instantaneous rate Rdmi’ B-i) in each direc-
tion. The instantaneous rate is selected first to guarantee that an



expected communication rate is attained, and second, to benefit
one’s own or the other direction error exponent. Observe that
the error exponent in the 1 — 2 direction, if Rgaa;, = Ris
the ter (Rdatay,) in (14) is maximized. However,

this causes that RIij ) Co,, = 0 in (15), reducing the
atag o
achievable error exponent in the 1 < 2 direction. Alterna-

tively, the choice Rgaw,, = C12 benefits the 1 < 2 direction

R .
Rasurs )_0012 in (15), so that

the achievable error exponent E15(R12, Ro1) depends only on
the choice of Rgata,,, since the term RRH Erorm (Ryatay,) =0
in (14). These two possible choices for Rdm1 i (3_i)»> can be
seen as two different coding schemes in which: (i) Forney’s
reliability can be achieved in both directions, and (i7) both
terminals cooperate to maximize the error exponent of a
specific direction. We describe them as follows: choosing
Riaa;, = Ri2 and Ryy,, = Roy leads to (i), which is
indicated using a superscript:

since it maximizes the term (1 —

E (Ria, Ba1) = Erom (R12)
Eéll) (R12’ RQl) = EForn (R21)

There exist two cases for (ii), one in which the error
exponent in the 1 — 2 direction is maximized, and another
in which the 1 < 2 direction is maximized. We denote
these choices correspondingly by (ii12) and (iiz1). Choosing
Riaa;, = Ch2 and Ryya,, = Ra1, the achievable error
exponent region is:

(”12)(R127 Ro1) =

0
iilg) D, D R12
E3 "' (Ri2,Ro1) = Coys + Erom (R21)

= C213

equivalently in (ii21), Rdata,, = Ry and Ratay,

191 5 = R —
E§2 )(R12> R21) = (1 — C’i) 0021 + E¥orn (ng)

ES#2)(Ryy, Ryy) = 0.

Time sharing between these schemes () and (i) achieves the
error exponent region characterized below and shown in solid
black line in Figure 4 (dashed blue result from (14) and (15)
for all possible choices of Ryaw, (,_,;,)- When schemes (7) and
(ii12) are time-shared by parameter 0 < o < 1 we have (16)
and (17):

(1 - )E (Ri2, Ro1)
(16)

(1 - a)ES) (Rig, Ro1)
(17)

E12(Ria, Ro1) = OéEng)(Rm, Rop) +

Es1(Ri2, Ro1) = OéE(mz)(Rw, Ro1) +

Alternatively for (i) and (ii2;) and parameter 0 < 5 < 1 we
have (18) and (19):

B)E;fiz) (Ri2, Ra1)
(18)

— B)ES) (Riz, Ron)

(19)
Observe that both schemes can be multiplexed without affect-
ing the expected transmission rate R in both directions, since
Rgaa 1s selected in each scheme to guarantee the same target
average rate is achieved.

E12(Ria, Ro1) = BE(ZM (Ri2, Ro1) + (1 —

Es1(Ri2, Ro1) = 5E§i1i21)(1?12, Ro1) +(1



