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Abstract—We investigate the feasibility of second-order
statistics-based blind channel estimation in the context of two-hop
full-duplex relay systems. To that end, the performance of blind
and traditional pilot-based (training sequence based) channel
estimation approaches are compared. This is accomplished by
deriving the Cramer-Rao Lower Bound (CRLB) expressions for
both blind and pilot-based schemes, and comparing them to each
other and to the mean-squared error (MSE) values measured via
simulation. Post-equalization SINR expressions are also derived
for both blind and pilot-based methods. Furthermore, a modified
post-equalization SINR expression, where the channel estimation
error is replaced by the inverse of the Fisher information matrix
(FIM) is proposed, providing an upper bound for the post-
equalization SINR. These analytically-predicted SINR values for
the blind approach are compared to the SINR measured via
link simulation. The performance of the two channel estimation
methods is analyzed by comparing the CRLB, post-equalization
SINR, and BER performance for two significantly different
transmission packet sizes. All of the above metrics indicate
that blind estimation provides clear performance advantages
relative to the pilot-based counterpart. Additionally, the blind
approach eliminates the overhead associated with the pilot-based
method, where a portion of the system resources is allocated to
the pilot sequence. To quantify this, the spectral efficiency of
the FD relay system employing blind and pilot-based channel
estimation methods are compared, indicating that at high SNR,
the blind approach provides around 2-bps/Hz spectral efficiency
gain relative to a typical pilot-based method. Finally, the com-
putational complexity of the two channel estimation techniques
are evaluated and compared. The blind approach has a clear
computational advantage for larger packet sizes.

Index Terms—Wireless relay, full-duplex, blind channel esti-
mation, channel equalization.

I. INTRODUCTION

A. Motivation

W IRELESS relay systems can improve network coverage
and data rates at the expense of a moderate increase

in system complexity. The transmitter and receiver of a half-
duplex (HD) node employ orthogonal channels to avoid in-
terfering with one another. This orthogonality is achieved by
utilizing different frequencies, time slots, or orthogonal spread-
spectrum codes. In contrast, the transmitter and receiver of a
full-duplex (FD) system operate on the same channel, which
can significantly improve spectral efficiency. For this reason
and due to the recent advances [8], [15], FD transceivers are

Konstantin Muranov, Besma Smida, Natasha Devroye are with the De-
partment of Electrical and Computer Engineering, University of Illinois at
Chicago, e-mail: kmuran2@uic.edu, smida@uic.edu, devroye@uic.edu. The
work of B. Smida was partially supported by NSF award 1620902. The work
of N. Devroye was partially supported by NSF under award 1815428. The
contents of this article are solely the responsibility of the authors and do not
necessarily represent the official views of the NSF.

Fig. 1. High-level view of a two-hop full-duplex relay system.

increasingly being considered. One such application is full-
duplex wireless relaying. Fig. 1 shows a two-hop FD relaying
system where the source-relay and relay-destination radio links
use the same frequency channel at the same time. In contrast
to HD relays, FD relay nodes may be seamlessly inserted
between the source and destination with minimum impact on
the system configuration while improving the signal coverage.

B. Related Work

The feasibility of using full-duplex relaying was initially
studied in [23] and [21], where the end-to-end capacity expres-
sions were derived for amplify-and-forward (AF) and decode-
and-forward (DF) full-duplex relay systems. It was shown
that FD relay schemes provided end-to-end channel capacity
improvement relative to their HD counterparts when residual
SI levels were below certain break-even levels. Furthermore,
it was found that the break-even levels vary depending on the
relative gains of the source-relay (SR) and relay-destination
(RD) channels as well as the power levels at the source
and relay transmitters. Since then, a number of SI mitigation
techniques were proposed, particularly in the context of full-
duplex relaying. The spatial SI suppression in MIMO-based
full-duplex AF relaying and the impact of the SI channel
estimation errors were considered in [17], where it was shown
that methods that suppress SI while maximizing SIR at the
relay transmitter and receiver provide better channel capacity
performance than zero-forcing methods focusing only on SI
suppression. The combination of time-domain cancellation and
spatial suppression techniques such as null-space projection,
antenna and beam selection were evaluated in [22]. It was con-
cluded that these techniques provide sufficient SI mitigation
and that FD relay systems can ensure reliable communications.

The use of blind channel estimation has the potential to
further improve the spectral efficiency. Hence, it is of interest
to evaluate the feasibility of its use in the context of the FD
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relay system. The main advantage of blind channel estimation
is that it eliminates the need for a training sequence. In
practical wireless communication protocols, pilot-sequence-
based training uses a non-negligible portion of the overall radio
resource budget. However, the potential spectral efficiency
improvement resulting from freeing up the resources occupied
by the pilot sequence comes at the expense of an increased
receiver complexity. In this work, we consider the sub-space-
based blind channel estimation approach proposed in [18].
It takes advantage of the cyclostationary properties of the
oversampled or multi-antenna signals. It belongs to a class
of blind estimation techniques relying on the second-order
statistics, which require fewer data samples than the higher-
order statistics-based methods. Consequently, this method can
be used for time-varying channels.

Unlike [13], where the system did not involve a relay link,
and blind channel estimation in the context of a point-to-point
FD system was considered in terms of joint estimation of
SI and other channels, here we investigate the use of blind
channel estimation at various stages of the FD relay link
independently of the SI channel estimation. Since the signal
transmitted by the relay node is mostly known to the relay
transceiver, blind estimation of the SI channel is typically
not necessary. In contrast to [13], we consider the system-
wide effects of blind channel estimation at both the relay and
destination on the end-to-end performance. Finally, in [13],
the phase-ambiguity issue inherent to blind estimation based
on the second-order statistics (SOS) was addressed using an
interesting approach based on non-symmetric constellations,
while this work relies on differentially-encoded modulation in
combination with an K-th power phase recovery technique.

C. Contributions

We study the feasibility of blind channel estimation in the
context of a two-hop FD relay system. This is accomplished
by analyzing and comparing the performance of blind and
pilot-based estimators.

1) Analytical CRLB and post-equalization SINR expres-
sions: We derive the analytical CRLB expressions for the
blind and pilot-based channel estimators. The CRLB expres-
sion for the blind channel estimation provides an interesting
insight into the channel estimation behavior at the destination
of the relay link considered here. Specifically, the expression
predicts that blind estimation performance at the destination
is independent of the SINR level at the relay receiver. As
shown in Fig. 3a, this analytical prediction is confirmed by the
behavior of the blind channel estimation NMSE measured at
the destination of the uplink relay configuration. To the best of
our knowledge, the CRLB of the blind channel estimation has
not been derived for the FD relay configurations considered
here.

Next, an analytical expression for the post-equalization
SINR at the destination of the two-hop FD relay link is
derived. An upper bound expression for the SINR is proposed
by incorporating the effect of channel estimation error in the
form of the inverse Fisher Information Matrix (FIM) of the
channel estimator. In contrast to directly using the estimation

error, the proposed FIM-based SINR expression allows for a
purely analytical computation of the post-equalization SINR.
This provides an alternative to the link simulation or physical
system prototyping that would be necessary in order to mea-
sure actual estimation error directly from link simulation or
physical system prototyping. The post-equalization SINR is an
important performance metric that can be used for computing
the spectral efficiency of a communication link, and this type
of analytical post-equalization SINR expression has not been
proposed in prior work (neither for FD relay system, nor for a
general point-to-point link). The CRLB and post-equalization
SINR computed using these analytical expressions are then
compared to the NMSE and post-equalization SINR measured
from the link simulation.

2) Feasibility study of blind channel estimation: The feasi-
bility of employing the sub-space-based blind channel estima-
tion in the context of FD relay system is further analyzed by
comparing several performance metrics for the blind and pilot-
based estimation approaches. These metrics include BER at the
destination receiver, CRLB of the channel estimation error,
the analytically predicted upper bound for post-equalization
SINR, as well as the actual post-equalization SINR measured
at the destination receiver via simulation. We also evaluate the
sensitivity of the system performance to the transmission burst
size, i.e., to the number of received samples that can be used
for channel estimation. To this end, the system performance
is compared for smaller and larger packet lengths, where the
packet size determines the number of symbols available for
computing the channel estimate. The practicality of the blind
channel estimation is considered by evaluating the system per-
formance under different residual self-interference levels and
non-linear effects inherent in FD transceivers. Furthermore,
the computational complexity of the blind and pilot-based
methods is compared.

3) Two channel equalization configurations: In our prelim-
inary work in [19], we compared the performance of two FD
relay link configurations: a) distributed channel equalization,
where in addition to SI mitigation, the SR channel equalization
is performed at the relay, while RD channel equalization is
performed at the destination; b) end-point channel equaliza-
tion, where only SI mitigation and signal amplification are
performed at the relay, while channel equalization is performed
only at the destination node. Here we focus primarily on
the distributed configuration, in part, because it was shown
in [19] that under ideal channel estimation conditions, the
distributed approach provides much better performance. Also,
as shown in Fig. 2, the end-point configuration does not allow
the use of the SIMO model for the relay-destination link.
Hence, for the remainder of this text, the reader should assume
that the discussion pertains to the distributed configuration,
unless indicated otherwise. For the purpose of completeness,
we include performance results for the end-point configuration
assuming sub-channel orthogonality, without making assump-
tions regarding specific sub-channel multiplexing methods at
the relay transmitter. Both analytical and simulation results
show that the distributed configuration results in better channel
estimation performance, post-equalization SINR, and BER
at the destination. All of these advantages are attributed to
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the diversity combining (of multiple sub-channels) during
the channel equalization at the relay. Furthermore, simulation
results indicate better resilience of the distributed configuration
to the non-linearities present in the SI signal.

4) FIR approximation: The presence of the self-
interference feedback loop in a FD system results in an
IIR relay equivalent model. However, we show that a robust
discrete-time cancellation of the residual self-interference
allows one to approximate the relay model as an FIR system.
Specifically, the performance of the residual SI cancellation
technique described in [19] satisfies this requirement.
Adopting the same SI cancellation method, we show that the
FD relay system is able to achieve the same BER performance
as the corresponding HD relay link (Fig. 5a). This confirms
that the post-cancellation SI level is negligibly small, and
that our FIR approximation is appropriate. The Linear Least
Square Error (LLSE) estimation of the SI channel described in
[19] achieves the CRLB under the linear channel conditions.
We will demonstrate that this method performs almost as
well for non-linear SI channel (Fig. 5b).

5) Spectral efficiency comparison between blind and pilot-
based channel estimation: Finally, the spectral efficiency of
the blind FD approach is compared to a pilot-based method, as
well as to a HD system. Results indicate that at high SNR, the
proposed blind approach provides 2 bps/Hz spectral efficiency
gain relative to the pilot-based approach. This is the case for
both longer and shorter transmission bursts. The simulation
results indicate that blind channel estimation is able to achieve
BER performance that is very close to that of the pilot-based
estimation (even considering different pilot allocation ratios),
while at the same time using far fewer resources.

II. SYSTEM MODEL AND NOTATION

A. Notation

In the remainder of the text, vectors and matrices are repre-
sented by bold lower-case and upper-case letters, respectively.
The first part of the subscript signifies the signal or channel
type, e.g., s, r, d correspond to the source, relay, and destina-
tion, respectively. The second part of the subscript represents
the index, e.g., n. For signal vectors, this is the index of
the first element within the vector. For channel vectors, the
index corresponds to the channel realization corresponding
to the packet, where the first symbol has index n. Unless
otherwise specified, the vectors are assumed to have length
A. For example, a vector starting at the sampling index n
and representing the additive noise sequences at the relay
receiver is denoted as wr;n =

[
wr[n], . . . , wr[n + A − 1]

]T
.

We will represent an estimate of a quantity by adding the
“hat”, and estimation error - by adding “tilde”. For example,
the estimate and the estimation error of the self-interference
channel matrix are denoted by Ĥrr;n and H̃rr;n, respectively,
where H̃rr;n = Hrr;n − Ĥrr;n.

B. Two-hop FD Relay Channel Model

In this section we define the system model and describe
relevant assumptions. The FD relay system considered here is
depicted in Fig. 2, where it is assumed that there is no direct

TABLE I
NOTATION SUMMARY

notation description of the quantity
ss;n signal vector transmitted by the source node
sr;n signal vector transmitted by the relay node
Ss;n filtering matrix for source Tx signal, ss;n
Sr;n filtering matrix for relay Tx signal, sr;n
h
(i)
sr;n source-relay (SR) sub-channel i, instance n

h
(i)
rd;n relay-destination (RD) sub-channel i, instance n

h
(i)
rr;n self-interference (SI) sub-channel i, instance n

Hsr;n SR channel filtering matrix
Hrr;n SI channel filtering matrix
Hrd;n RD channel filtering matrix
Hsd;n source-destination (SD) filtering matrix

- End-point: Hsd;n = Hrd;nHsr;n

- Distributed: Hsd;n = Hrd;nFr;nHsr;n

wr;n complex AWGN at the relay receiver,
wr;n ∼ CN (0, σ2

1I)
wd;n complex AWGN at the destination receiver,

wd;n ∼ CN (0, σ2
2I)

xsr;n signal at the output of SR channel: Hsr;nss;n
xrr;n signal at the output of SI channel: Hrr;nsr;n
xrd;n signal at the output of RD channel: Hrd;nsr;n
Fr;n relay equalizer filtering matrix
Fd;n destination equalizer filtering matrix
yr;n combined RX signal and noise at the relay
yd;n combined RX signal and noise at destination
CK

y;n covariance matrix of the received signal

Ex: at the destination, CK
y;n=E

[
yK
d;n (yK

d;n)
H
]

CK
sy;n cross-covariance matrix of the transmitted and

received signal. Ex: CK
sy;n=E

[
sKs;n (yK

d;n)
H
]

K dimensionality of covariance matrices (K<<A)
M channel order
L number of sub-channels (oversampling rate)
A number of signal samples for which channel

realization stays the same (A >> M )
p processing delay within the relay transceiver,

measured in symbol intervals

link from the source to the destination. The blind channel esti-
mation process considered in this paper requires presence of a
Single-In-Multiple-Out (SIMO) channel, composed of L sub-
channels. According to [18], the desired SIMO configuration
can be achieved either by sampling the received signal at L
times the symbol rate or by using L sensors, e.g., spatially-
separated receive antennas. Either approach is applicable to
the relay link configuration. Without loss of generality, we
assume that the oversampling approach is employed, where
each of L sampling phases represents a sub-channel within a
SIMO model. For sampling phase i= 0, ..., L−1, the signal
at the relay receiver is defined as

y(i)
r;n = Ss;nh

(i)
sr;n + Sr;nh

(i)
rr;n + w(i)

r;n =

= H(i)
sr;nss;n + H(i)

rr;nsr;n + w(i)
r;n. (1)

The signal at the destination node receiver is given by

y
(i)
d;n = x

(i)
rd;n + w

(i)
d;n = Sr;nh

(i)
rd;n + w

(i)
d;n =

= H
(i)
rd;nsr;n + w

(i)
d;n. (2)

The simplified single sub-channel model of FD relay is derived
in Appendix A. Furthermore, we assume that all propagation
channels in (1) and (2) are frequency-selective with finite
impulse response of order M . As a result, the structure
and dimensions of the matrices Ss;nh

(i)
sr;n, Sr;nh

(i)
rr;n, and
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Ss;nh
(i)
sr;n are the same. We assume frequency-selective fading

channels with delay spread equal to Td symbol intervals. The
duration of the transmission packet is assumed to be within the
coherence time, Tc, of the channel, as justified by [31], where
it is argued that the coherence time Tc of wireless channels is
significantly greater (by an order of 103) than the delay spread
Td. The realizations of the sub-channel impulse responses
are assumed to be statistically independent from each other.
Also, we assume that AWGN components are statistically-
independent for each sub-channel. The output of the ith SR
sub-channel is given by the discrete-time convolution of the
[A×1] transmitted signal vector, ss;n, and the sampled impulse
response of the SR channel, h

(i)
sr;n, of order M . Depend-

ing on the context, we will use one of the two equivalent
representations of such convolution operation, H

(i)
sr;nss;n =

Ss;nh
(i)
sr;n, where H

(i)
sr;n =

[
h
(i)
sr; (n,0), ..., h

(i)
sr; (n,A−1)

]
and

Ss;n =
[
ss; (n,0), ..., ss; (n,M)

]
are [A×A] and [A×(M+1)]

filtering matrices, respectively. In the case of H
(i)
sr;n, each

column has at most M + 1 non-zero elements:[
h
(i)
sr; (n,0),h

(i)
sr; (n,1), ...,h

(i)
sr; (n,A−1)

]
=

=


h
(i)
sr;n[0] 0 ... 0

h
(i)
sr;n[1] h

(i)
sr;n[0] ... 0

h
(i)
sr;n[2] h

(i)
sr;n[1] ... 0

...
...

...
0 0 ... h

(i)
sr;n[0]

 . (3)

The columns of Ss;n are defined as,[
ss; (n,0), ss; (n,1), ..., ss; (n,M)

]
=

=


ss[n] 0 ... 0

ss[n+1] ss[n] ... 0
ss[n+2] ss[n+1] ... 0

...
...

...
ss[n+A−1] ss[n+A−2] ... ss[n+A−M ]

 . (4)

The system equation (1) is valid for both end-point and
distributed configurations. As seen in Fig. 2, the difference
between the two configurations is manifested in the definition
of the signal, sr;n and is due to the presence of SR channel
equalization in the distributed case,

End-point: sr;n=x̂sr;n, Distributed: sr;n=Fr;nx̂sr;n, (5)

where Fr;n is the relay equalizer filtering matrix, and x̂sr;n
is the post-SI-cancellation signal at the relay:

x̂sr;n = Hsr;n−p sn−p + wr;n−p + H̃rr;n sr;n−2p. (6)

In the distributed approach, the SI cancellation is followed by
channel equalization, while in the end-point configuration, the
SI cancellation is also performed, but the signal is transmitted
by the relay node without channel equalization. It is assumed
that decoding is only performed at the destination. Therefore,
once the channel equalization is performed at the relay, the
symbols are not mapped back to the specific constellation
points. Unlike the method described in [27], the log likelihood

ratio values are not computed either. Instead, the processed
samples are passed directly to the relay transmitter (Fig. 2).
The block z−p models the relay processing delay of p symbol
intervals. The non-linearities and amplification gains at the
relay transmitter are discussed in the next section.

C. SI model

It is assumed that self-interference is reduced to a man-
ageable level by antenna separation [26], [2] and analog
cancellation techniques [7], [20], [25], [12]. The residual SI is
then estimated and canceled digitally. The estimation of the SI
channel at the relay is impaired not only by AWGN, but also
by interference from the SR signal, xsr;n = Sr;nhsr;n. In
practical full-duplex systems, some amount of noise and non-
linear distortion is present at both transmitter and receiver,
[24], [25], [33], [1], [14], [10]. We assume that at least a
portion of the non-linear distortion is mitigated via analog
methods leaving some residual non-linear distortion. Perfor-
mance of the system is examined for different levels of this
residual non-linear distortion, using the model described in
[14]. According to this model, the signal sr;n transmitted by
the relay is affected by the non-linearity and becomes

s̆r;n = αssr;n + η4η3η2


s∗r [n]

s∗r [n+1]
s∗r [n+2]

...
s∗r [n+A−1]



+η5(η3η1)3


|sr[n]|2sr[n]

|sr[n+1]|2sr[[n+1]
|sr[n+2]|2sr[n+2]

...
|sr[n+A−1]|2sr[n+A−1]

 , (7)

for some scalars η1, η2, ..., η5 ∈ R that are described next.
Since the non-linear effects present at the transmitter are much
more dominant than those present at the receiver, we ignore
the non-linearities at the receiver side. The first term in (7)
represents the linear portion of the transmitted signal with
relative gain αs = η4η3η1. The second term in (7) corresponds
to the image of the signal, and the third term represents
the non-linearity introduced in the power amplifier (PA). We
define δ as the ratio between the primary signal component
to the third-order component as δ = 20 log10

(
η4η3η1
η5(η3η1)3

)
.

η1 and η2 are relative gains of the main signal and image
signal components, respectively, and are related to each other
via Image Rejection Ration, IRR = η1/η2. The gain of the
Variable Gain Amplifier (VGA) is η3 = VGAgain. η4 is a
relative gain of the linear component at the output of PA,
and η5 is a gain of the third-order term at the output of
PA. These two gains are related via the IIP3 parameter as
IIP3 =

√
η4/η5. Similarly to [14], we use following set of

parameters resulting in δ = 20dB: IRR = 25dB, IIP3 =
20dB, VGAgain = 10dB, PAgain = 27dB.
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Fig. 2. Simplified full-duplex relay system: Distributed and End-point configurations

III. CHANNEL ESTIMATION AND EQUALIZATION

A. Blind Channel Estimation

In addition to evaluating the performance of the end-
point and distributed equalization, our goal is to study the
feasibility of employing blind channel estimation in a two-
hop relay link. To that end, we will derive the Cramer-
Rao Lower Bound (CRLB) of the channel estimation error
variance at the destination node of the relay link. We then
derive the expression (20) for the post-equalization SINR at
the destination of this FD relay system. This expression is

then modified by incorporating the FIM in order to provide
analytical tight upper bound for the post-equalization SINR
given in (21). In this section, we provide a brief description
of the blind estimation method used and the associated multi-
channel notation. Initially proposed in [18], this method is
based on [29] and [28], but exploits the eigenstructure of the
received signal covariance matrix more efficiently, resulting
in reduced computational complexity. According to [32], this
class of methods performs worse than optimal moment-based
estimation techniques. However, it was selected due to its
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TABLE II
NOTATION FOR EXPRESSION (8)

channel estimate at: notation:
relay (distributed) yz1=yr , Hz2=Hsr , sz3=ss, wz4=wr .
destination (end-point) yz1=yd, Hz2=Hsd, sz3=ss, wz4=weff .
destination (distributed) yz1=yd, Hz2=Hrd, sz3=sr , wz4=weff .

simplicity and robustness when the identifiability constraints
described in [18] are met. This method takes advantage of
cyclostationarity by oversampling of the received analog signal
by integer factor L > 1 of the symbol rate. The signals
corresponding to each of L sampling phases are treated as
though they passed through L parallel sub-channels. In the
relay link of Fig. 2, the channel estimation is performed at the
relay and destination nodes based on the signals defined in
(6) and (2), respectively, each yielding different blind channel
estimation performance. In the interest of conciseness, we
describe the blind channel estimation for a simplified generic
system, where the different sampling instances of the received
signal can be combined into one expression as follows,

y
(0)
z1;n

...
y
(L−1)
z1;n

 =


H

(0)
z2
...

H
(L−1)
z2

 sz3;n +


w

(0)
z4;n

...
w

(L−1)
z4;n


or equivalently, Yz1;n = Hz2sz3;n + Wz4;n, (8)

and the vectors, y(i)
z1;n, sz3;n,w

(i)
z4;n, represent (N+M)-sample

segments of the A-sample received signal, transmitted signal,
and noise vectors, respectively. In this notation, M is the chan-
nel impulse response order, and N is the evaluation interval
satisfying N ≥M and (N+M)<<A. As outlined in Table
II, the subscripts in expression (8) take on different meanings
depending on the configuration (end-point vs. distributed), as
well as the location where the channel estimation is performed
(relay vs. destination).

This type of channel estimation requires that there are no
common zeros among the sub-channels, [34], [28]. For the
end-point configuration, this implies that the signals corre-
sponding to different sub-channels remain independent as they
pass through the relay and transmitted by the relay to the
destination. Hence, in contrast to the SIMO channel in the case
of distributed equalization, the RD channel is a MIMO channel
for the end-point case. The equivalent model block diagrams
of Fig. 2 depict the differences between the two configurations.
This outline of the blind channel estimation approach assumes
that w(i)

z4;n is AWGN. However, due to propagation of the relay
noise and residual self-interference to the destination receiver,
w

(i)
z4;n is correlated, resulting in sub-optimal performance.

However, we will show later that even under these conditions,
the distributed method with blind channel estimation provides
sufficient improvement in spectral efficiency over the pilot-
based schemes. The LN×LN covariance matrix of the zero-
mean oversampled input vector Yz1;n is given by

Cy = E
(
Yz1;nY

H
z1;n

)
= Hz2CsH

H
z2 + Cw =

=

N+M−1∑
k=0

λkqkq
H
k +σ2

w

LN−N−M−1∑
j=0

gjg
H
j , (9)

where the last step is based on the spectral theorem, λk,
qk are the eigenvalues and eigenvectors associated with the
signal sub-space, σ2

w, gj are the eigenvalues and eigenvectors
associated with the noise sub-space of Cy . As proposed in
[18], the channel can be estimated by minimization of the
quadratic form:

Φ(hz2)=
LN−N−M−1∑

k=0

‖gHk Hz2‖2 =
LN−N−M−1∑

k=0

gHk Hz2H
H
z2gk. (10)

Since the eigenvector scaled by a complex scalar is also an
eigenvector for the same matrix, this second-order-statistics-
based blind estimation scheme suffers from scaling factor am-
biguity. [13] resolved this issue by introducing an asymmetric
constellation. In contrast, we address it by employing the
differentially-encoded modulation.

B. Pilot-based Channel Estimation

An MMSE approach is assumed for pilot-based channel
estimation. The pilot symbols are updated at the relay trans-
mitter with the same ideal pilot sequence as that transmitted
by the source. Specifically, the following expression is used
for estimating the ith sub-channel at the relay and then at the
destination receivers:

ĥ(i)
z2;n=

(
C

(i)
hh,z1

)−1

SHp

(
C(i)
y,z1

)−1

y
(i)
pilot;n=

= C(i)
y,z1S

H
p

[
SpC

(i)
y,z1S

H
p

]−1

y
(i)
pilot;n, (11)

where i = 0, ..., L− 1 and the (M + 1)× (M + 1) covariance

matrix is C
(i)
y,z1 = Sph

(i)
z2;n

(
h
(i)
z2;n

)H
SHp + C

(i)
wd . According

to [11], it can be shown that the FIM and CRLB for the
distributed case are:

FIM: J(hrd;n) = SHp;n−pC
−1
wd

Sp;n−p,

CRLB(hrd;n) =

(
SHp C−1

wd
Sp

)−1

. (12)

C. SI estimation

We can consider xsr;n and wr;n in (1) to be impairments
to the estimation of the SI signal. If we assume that the
magnitude of xsr;n follows a Rayleigh PDF, this would
imply that these samples have complex Gaussian PDF with
zero mean. Hence, wrr;n = xsr;n + wr;n is a sum of
two independent complex Gaussian-distributed random vectors
with different means and autocorrelation matrices (in both,
end-point and distributed configurations):

xsr;n=Hsr;nss;n∼ CN (0,Csr), wr;n∼ CN (0, Iσ2
wr

). (13)

Hence, the effective noise vector, wrr;n =
(Hsr;nss;n + wr;n), is also Gaussian [30], wrr;n ∼
CN (0,Cwrr

). Considering equation (1) in light of the
above assumptions, we have yr;n ∼ CN (µyr ,Cyr ), where
µyr = Sr;nhrr;n = Sr;nγrrh̃rr;n, and covariance matrices
are Cyr = εsHsr;nH

H
sr;n + Iσ2

wr
. The residual SI channel
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estimation is assumed to be based on Linear Least Squares
Estimator (LLSE):

ĥrr;n =
(
SHr;nC

−1
yr Sr;n

)−1
SHr;nC

−1
yr yr;n, (14)

where yr;n is the signal received at the relay (1), Sr;n is
the filtering matrix composed of the samples transmitted by
the relay. The inclusion of covariance matrix Cyr is due
to the fact that estimation is performed in the presence of
non-white complex Gaussian noise, weff ;n, consisting of the
output of the SR channel and relay receiver noise. Under
these conditions, the estimator given by expression (14) is
considered to be efficient [11]. The estimated SI channel and
the samples transmitted by the relay are used for generating an
estimate of the SI signal as x̂rr;n=Sr;nĥrr;n, which is then
subtracted from the total received signal as shown in Fig.2.

D. Channel equalization

Fig. 2 depicts the distributed and end-point equalization
approaches. It is possible to estimate the SI and SR channels
jointly at the relay. However, in order to facilitate comparison
between the two configurations, we assume that in the dis-
tributed case, SI estimation and cancellation is performed first,
followed by SR channel equalization. One of our goals is to
analyze the impact of the presence of the channel equalization
at the relay on the end-to-end BER performance in the context
of blind channel estimation. The equalizer expressions are
discussed next.
Distributed: The expression for the MMSE equalizer at the
relay receiver is given by

Fr;n=Csyr;nC
−1
yr;n=HH

sr;n

[
Hsr;nH

H
sr;n+ Cwr;n

]−1
, (15)

where Cwr;n=H̃rr;nFr;n−pHsr;n−pH
H
sr;n−pF

H
r;n−pH̃

H
rr;n+

σ2
r

(
H̃rr;nFr;n−pF

H
r;n−pH̃

H
rr;n+ I

)
. The MMSE channel

equalizer expression at the destination receiver is derived in
Appendix B:

Fd;n = Csry;nC
−1
y;n ≈ Csry;nC

−1
y;n =

= HH
rd;nC

−1
y;n = HH

rd;n

(
Hrd;nH

H
rd;n+Cweff1;n

)−1

, (16)

where the noise covariance matrix is defined as,

Cweff1;n ≈

Heff1;nFr;n−pHsr;n−2pH
H
sr;n−2pF

H
r;n−pH

H
eff1;n

+ 1

SNRr
Hrd;nFr;n

(
H̃rr;nH̃

H
rr;n + I

)
FHr;nH

H
rd;n

+ 1

SNRd
I. (17)

In the above derivation, it is assumed that the blind approach is
not able to estimate the source-to-destination channel, Hsd;n.
Instead, the relay-destination channel, Hrd;n, is estimated
at the destination. This assumption is due to the presence
of the equalizer, Fr;n, at the relay. At high SNR levels,
this results in the all-pass channel, Fr;nHsr;n−p with zeros
located around the unit circle, which according to [34], [28],
does not satisfy the identifiability condition for the second-
order-statistics-based blind channel estimation. In order to

reduce the number of variables in comparing the blind vs.
pilot-based approaches, we propose that Hrd;n is estimated at
the destination for the pilot-based approach as well. This is
facilitated by “refreshing” the pilot symbols at the relay, i.e.,
replacing the received pilot symbols by the ideal pilot sequence
identical to that transmitted by the source. Hence, we propose
the use of the following equalizer at the destination (for both
blind and pilot-based approaches),

Fd;n = Csy;nC
−1
y;n ≈ Csry;nC

−1
y;n = HH

rd;nC
−1
y;n

≈ HH
rd;n

(
Hrd;nH

H
rd;n+ Cweff1;n

)−1

. (18)

End-point: The derivation of the destination receiver MMSE
channel equalizer for the end-point configuration is provided
in Appendix C. The resulting expression is as follows:

Fd;n=Csy;nC
−1
y;n=HH

sd;n

[
Hsd;nH

H
sd;n+Cweff2;n

]−1
, (19)

where Hsd;n=Hrd;nHsr;n, Heff2;n=Hrd;nH̃rr;nHsr;n−2p,

Cweff2
;n≈Heff2;nH

H
eff2;n+

σ2
wr

Hrd;n

(
H̃rr;nH̃

H
rr;n+I

)
HH
rd;n+σ2

wd
I.

E. Expression for post-equalization SINR at the destination of
the FD relay link

The expression for post-equalization SINR is derived in
Appendix D. It incorporates both channel estimation error at
the destination and the SI cancellation error at the relay.
Distributed Equalization: The expression (21) for upper
bound on post-equalization SINR can then be obtained by
replacing the channel estimation error covariance matrix,
H̃rd;nH̃

H
rd;n, by the inverse of FIM, J−1(hrd;n). In contrast

to (20), where H̃rd;n has to be measured, the upper bound ex-
pression (21) provides a purely analytical method of predicting
the post-equalization SINR performance. The residual SI is
incorporated in the covariance matrix expression as shown in
equation (22), where assuming robust SI channel estimation,
the third term may be neglected.
End-Point Equalization: The expressions for end-point con-
figuration can be obtained from (20) and (21) by replacing
Hrd;n by Hsd;n and assuming the covariance matrix defini-
tion given in (23).

F. CRLB for blind channel estimation at the destination of
relay link

The CRLB expression for blind channel estimation at the
destination of the relay link using distributed equalization
is derived in Appendix E and is given in (24), where Sr;n
represents the signal transmitted by the relay defined in (25).
In (25), the noise and residual SI at the relay are included in
the signal transmitted by the relay and are not part of the noise
covariance matrix. Because these signals pass through the RD
channel, they carry the information about this channel. Hence,
blind channel estimation performance at the destination of
FD relay using distributed configuration is expected to be
independent of the SINR at the relay.
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SINRdistributed =
1

1 + 1
N tr
{
H̃rd;nH̃H

rd;nC
−1
y;n

}
− 1

N tr
{
Hrd;nHH

rd;nC
−1
y;n

} − 1. (20)

SINRdistributed ≤
1

1 + 1
N tr
{
J−1(hrd;n)C−1

y;n

}
− 1

N tr
{
Hrd;nHH

rd;nC
−1
y;n

} − 1. (21)

Distributed equalization:

Cy;n = Hsd;nH
H
sd;n + Hrd;nFr;nH̃rr;nHsr;n−2pH

H
sr;n−2pH̃

H
rr;nF

H
r;nH

H
sr;n−p + Hrd;nFr;nH̃rr;nH̃rr;n−p

Csr;n−2pH̃
H
rr;n−pH̃

H
rr;nF

H
r;nH

H
rd;n + σ2

wr
Hrd;nFr;n

(
H̃rr;nH̃

H
rr;n + I

)
FHr;nH

H
rd;n + σ2

wd
I, (22)

End-point equalization:

Cy;n = Hsd;nH
H
sd;n + Hrd;nH̃rr;nHsr;n−2pH

H
sr;n−2pH̃

H
rr;nH

H
sr;n−p + Hrd;nH̃rr;nH̃rr;n−p

Csr;n−2pH̃
H
rr;n−pH̃

H
rr;nH

H
rd;n + σ2

wr
Hrd;n

(
H̃rr;nH̃

H
rr;n + I

)
HH
rd;n + σ2

wd
I. (23)

CRLB(hrd;n) =

[
SHr;n

(
C−1
weff
−C−1

weff
Hrd;n

(
HH
rd;nC

−1
weff

Hrd;n

)−1

HH
rd;nC

−1
weff

)
Sr;n

]−1

, (24)

Sr;n = Fr;nHsr;nSs;n + Fr;nH̃rr;nSr;n−p + Fr;nwr;n, and Cweff
= σ2

wd
I. (25)

G. Post-equalization SINR measurement via simulation

We now discuss the methodology used for measuring the
post-equalization SINR via simulation. At the destination
(when equalization is not performed at the relay):

ŝs[n] = fHd;nhsd;ns[n] + hHeqd;nweff ;n =ae−jθss[n]+

+ae−jθ
M∑
k=1

hres[k]ss[n− k] + ae−jθhHeqd;nweff ;n, (26)

where the first term corresponds to the desired symbol, the
second term to the residual ISI, and the third term to post-
equalization noise. The scaling factor ae−jθ is attributed to
the scaling factor ambiguity inherent to the blind channel
estimation at the destination. Defining,

Rŝs(0) = E (ŝs[n]s∗s[n]) = ae−jθE
(
|ss[n]|2

)
+

+ae−jθE
(
hHeqd;nweff ;ns

∗
s[n]

)
= ae−jθεs, (27)

where εs is the transmitted symbol energy, and for distributed
equalization weff ;n = Hrd;nFr;nwr;n + wd;n, while for
end-point equalization, weff ;n = Hrd;nwr;n + wd;n. The
post-equalization noise variance is then estimated using (28),
which represents the actual method for estimation of the post-
equalization noise variance directly from the data. Using (27)
and (28) we obtain (29).

IV. SIMULATION RESULTS AND DISCUSSION

A. Simulation configuration and performance criteria

As shown in Fig. 1, a base station is assumed at one end
of the relay link and a mobile terminal at the other end. The
direction from the base station to the mobile is defined as down

link (DL), while the reverse direction is up link (UL). A high
quality line-of-sight (LOS) link between the relay and base
station is assumed, while the link quality between the mobile
terminal and the relay can vary significantly. In this section,
we will discuss the analytical and simulation results for both
UL and DL directions. We focus on the use case, where data
is transmitted in bursts (packets) with relatively large periods
of silence in between. Since the channel characteristics can
significantly change during such transmission gaps, we are
mainly concerned with the reliability of the initial channel
acquisition, without any kind of cross-packet processing (e.g.,
filtering). It is also assumed that antenna beam forming and/or
the analog SI mitigation techniques described in [4], [5],
and [16] are applied at the relay such that only residual
self-interference remains. According to [5], such analog SI
mitigation techniques can result in residual signal to self-
interference ratio (SIR) of 15-25dB. In this section we will
examine the end-to-end system performance at slightly more
pessimistic 10-dB SIR level. Since larger number of samples
allows for more reliable estimation of the second order station-
ary statistics, it is clear that performance of the blind channel
estimation is expected to improve with an increasing number
of samples used for computing a single channel estimate. This
is true as long as the duration of the transmission packet is
less than the coherence time, Tc, of the channel. Therefore,
we will examine the channel estimation as well as the overall
performance for: A = 280, 1120 samples that represent small
and large packet sizes. These two values of A were selected
such that the second value is quadruple of the first in order
to cover wide range of the packet sizes. The non-power of 2
values were selected on purpose in order to ensure generality
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σ̂2
e =

1

A

A−1∑
n=0

∣∣∣∣ŝs[n]−Rŝs(0) · ss[n]

∣∣∣∣2 = a2
1

A

A−1∑
n=0

∣∣∣∣ M∑
k=1

hres[k]ss[n− k] + hHeqd;nweff ;n

∣∣∣∣2, (28)

ŜINRsim=
|Rŝs(0)|2

σ̂2
e

=
εs

1
A

∑A−1
n=0

∣∣∣∣∑M
k=1 hres[k]ss[n− k] + hHeqd;nweff ;n

∣∣∣∣2
. (29)

of the results. A statistically-independent random realization
of the frequency-selective channel is generated every packet
duration.

As indicated in the prior paragraphs, in the case of DL
most of the signal quality variation is expected to occur at
the destination receiver, while in UL direction, poor signal
conditions are much more likely to occur at the relay receiver.
Hence, DL performance evaluation is conducted by sweeping
SNRd at the destination, while SNRr at the relay is fixed at
20dB. In the case of UL, the SNR sweep is performed at the
relay receiver. The CRLB expressions (24), (25) for the blind
channel estimation derived in Appendix E predict that blind
estimation performance at the destination is impacted by the
SNR level at the destination receiver but is independent of the
SINR level at the relay receiver. In this section we confirm
these analytical predictions by measuring the normalized mean
square error (NMSE) of the blind channel estimation at the
destination of the UL simulation. Fig. 4a shows that both
blind CRLB and NMSE undergo only minor variation as the
SINR at the relay receiver is swept from 0dB to 30dB. The
reason for this is that both the noise and SI components of
the signal received by the relay also pass through the relay-
destination channel, and thus enhance the blind channel esti-
mation performance at the destination rather then degrading it.
This is why these terms are treated in (24) and (25) as parts
of the useful signal transmitted by the relay, rather than as
noise and interference at the destination. The situation is quite
different for DL direction, where SNR sweep is performed
at the destination receiver. In this case, CRLB expressoins
(24), (25) predict significant change in the channel estimation
NMSE as a function of SNRd. The NMSE plots of Fig. 3a
confirm this prediction.

Furthermore, we evaluate the feasibility of using blind
channel estimation by comparing its performance to that of the
pilot-based approach. To that end we consider end-to-end BER
performance, channel estimation NMSE and CRLB, computa-
tional complexity and spectral efficiency. This comparison is
repeated for large and small packet sizes as well as for both
transmission directions, i.e., DL and UL.

B. Computational Complexity Analysis

The computational complexity of the expression depends on
the dimensions of the matrices and vectors involved. The num-
ber of floating-point operations (FLOPs) for some common
types of matrix transformations (i.e., inversion, eigendecompo-
sition, etc.) were provided in [9], where FLOPs were measured

in terms of the combined number of complex multiplications
and additions. However, since complex multiplication requires
greater number of real arithmetic operations than complex
addition, treating these two operations as being equivalent in
terms of complexity could lead to wrong conclusions. Instead,
we define the FLOP as a real addition or multiplication.
Specifically, a complex multiplication requires 4 real multipli-
cations and 2 real additions, while complex addition requires
only 2 real additions.

1) Computational Complexity of the Pilot-based Channel
Estimator: The computational complexity of the expression
(11) depends on the dimensions of the matrices and vectors
involved. The following expression provides the computational
cost of the MMSE estimator based on expression (11) and was
obtained by examining the computational cost of each matrix
operation within that expression. Pilot-based estimation cost:

L

[
12(M+1)2Np − 4(M+1)Np + 4(M+1)3 + 8(M+1)2 −

(M+1)+4N3
p +16N2

p −Np+8(M+1)N2
p

]
, where Np is the

number of pilot symbols per packet, M is the channel order,
and L is the number of sub-channels.

2) Computational Complexity of the Blind Channel Estima-
tor: The main arithmetic functions needed for blind channel
estimation are two eigen decompositions: of covariance matrix
Cy ∈ CLN×LN and product matrix Q ∈ CL(M+1)×L(M+1)

of the filtering matrices based on the subset of the eigenvectors
of Cy . According to [3], the QR-based eigen decomposition
of matrix A ∈ Cn×n requires 4 × 9n3 FLOPs. Hence,
the total computational cost of the blind estimation method:
36L3

[
N3 + (M + 1)

3
]

FLOPs, where N is the evaluation
interval defined in sub-section III-A, M is the channel order,
and L is the number of sub-channels.

3) Computational Complexity Comparison: Table III pro-
vides computational cost comparison for the pilot-based and
blind estimation methods under specific channel order and
transmission burst length assumptions used in this paper. The
results indicate that computational complexity of the eigen
decomposition portion of the blind estimator is independent of
the transmission burst size. This results in the blind estimator
having greater computational cost than pilot-based approach
for short transmission bursts. However, the situation is reversed
for larger transmission bursts.

C. Channel Estimation Performance
Fig. 3a and 4a contain channel estimation NMSE and

CRLB plots for DL and UL, respectively. These plots facilitate
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TABLE III
COMPUTATIONAL COMPLEXITY COMPARISON

channel estimation method Number of FLOPs (burst size: 280) Number of FLOPs (burst size: 1120)

pilot-based estimation, 20% pilot alloc. 3.453× 106 1.896× 108

blind estimation 4.129× 106 4.129× 106

the performance comparison between blind and pilot-based
channel estimators. The comparison is performed for small
and large data packets. Under the pilot-based approach, 20%
of symbols are allocated to the pilot symbols. Both figures
indicate that blind channel estimation outperforms the pilot-
based approach, both in terms of theoretically achievable
performance, i.e., CLRB, as well as the measured NMSE.
This is mainly due to the blind approach using every received
symbol to compute the estimate instead of just 20% of symbols
in the pilot-based approach. According to Fig. 3a, the pilot-
based approach is able to achieve the CRLB at the lower and
medium SNR levels. However, it falls short of the CRLB at
high SNR, where the noise is no longer the main limiting
factor, and the imperfections in estimation of the received
signal covariance matrix have greater impact on performance.
We observed similar results with different pilot/data ratio.
There is a significant and constant gap between the measured
NMSE and the CRLB for blind estimation. This is not a
surprise, as the sub-space-based blind estimation approach is
known to be sub-optimal in the MSE sense ([6]). It was mainly
selected for its low computational complexity.

As shown in Fig. 4a, the CRLB and NMSE are flat in the
case of UL pilot-based estimation since the pilot sequence
is refreshed at the relay, so the change in SINR level at
the relay receiver has no effect on the channel estimation
performance at the destination. The curves corresponding to
the blind approach, are also flat but for an entirely different
reason. According to (24) and (25), the noise and residual
SI at the relay receiver, pass through the relay-destination
channel in the same way as the signal of interest. Hence,
even the terms corresponding to noise and SI introduced at the
relay carry information about the relay-destination propagation
channel once they reach the destination. As a result, the
blind channel estimation performance at the destination is
independent of the SINRr at the relay. This is an interesting
insight that was analytically predicted by the CRLB expression
and corroborated by the measured NMSE for blind estimation
(Fig. 4a). BER performance comparison between blind and
pilot-based channel estimation is captured in Fig. 5a and 5b
for DL and UL, respectively. Both figures indicate that blind
approach outperforms the pilot-based estimation. Performance
gap is more significant for the smaller packet size due to
the number of pilot symbols being insufficient for obtaining
a reliable channel estimate. Fig. 5a contains an additional
BER curve corresponding to the blind channel estimation
using QPSK modulation. The use of QPSK was made possible
by artificial correction of the scaling factor ambiguity using
simulation genie. Comparison of the QPSK and DEQPSK
curves indicates that in the presence of frequency-selective
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Fig. 3. FD relay downlink: (a) NMSE and NCRLB for channel estimation at
the destination; (b) Theoretical upper bound and measured post-equalization
SINR; (non-linear SI, SIR=10dB).

fading, the degradation due to the use of DEQPSK is less
than 1dB and is mostly present in the low SNR region, where
performance is mostly limited by the AWGN.

D. Post-equalization SINR: analytical upper bound vs. mea-
sured

The post-equalization SINR plots are provided in Fig. 3b
and 4b for DL and UL directions, respectively. The behavior is
almost identical in both cases. The plots contain curves based
on the analytical expression (21) and provide an upper bound
on the achievable post-equalization SINR. The expression
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Fig. 4. FD relay uplink: (a) NMSE and NCRLB for channel estimation at
the destination; (b) Theoretical upper bound and measured post-equalization
SINR; (non-linear SI, SIR=10dB).

(21) incorporating the Fisher Information Matrix for the blind
estimation at the destination as well as the aspects of the SI
cancellation provides a tighter upper bound than the SINR
expression that assumes ideal channel estimation. The added
advantage of this expression is that it provides a method
of predicting the post-equalization SINR without having to
simulate the system and measure the channel estimation error.
The accuracy of the prediction depends on the size of the gap
between CRLB and the actual channel estimation performance,
i.e., NMSE. The plots also contain the SINR measured via
simulation and computed using expression (29). The gap
between the analytical upper bound and measured SINR is
due to the fact that the blind channel estimation method that
we use for this evaluation is not able to achieve the CRLB.

E. Spectral efficiency analysis

Fig. 6 contains the plots of the spectral efficiency for DL
and UL, respectively. The spectral efficiency value is computed
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Fig. 5. BER performance for blind and pilot-based estimation (FD relay with
non-linear SI, VGA gain 10dB, SIR=10dB): (a) BER for DL. (b) BER for
UL.

using the post-equalization SINR measured at the destination
node and are based on the following expressions:(

C

B

)
FD, blind

= log2 (1 + SINRFD, blind) , (30)

(
C

B

)
FD, pilot-based

= (1− β) log2 (1 + SINRFD, pilot-based) . (31)

The parameter of β in (31) represents the pilot allocation
ratio, i.e., β = 0.2 indicates that 20% of the resources
are allocated to the pilot symbols in the case of pilot-based
channel estimation. The 20% pilot allocation assumption is
based on practical communication systems: for example, in
GSM, approximately 17% of the bits within the down link
time slot are allocated to the training sequence. In the case
of 4-Cell-specific Reference Signal port configuration of LTE,
approximately 14% of resource elements are allocated to the
reference symbols (not counting the additional cyclic prefix
overhead). The blind channel estimation results are based on
280 and 1120 samples/estimate. The curves corresponding to
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Fig. 6. Spectral Efficiency of the relay link: (a) downlink; (b) uplink; (non-
linear SI, SIR=10dB).

the blind and pilot-based channel estimation are based on the
post-equalization SINR measured via simulation. Curves based
on the analytical upper bound for post-equalization SINR
given in expression (21) show that higher spectral efficiency
can be achieved if more optimal blind estimation methods are
employed. According to Fig. 6, the blind approach results in
superior spectral efficiency relative to the pilot-based method,
with the greatest gain at the higher SNR: 2.5 bps/Hz and 2
bps/Hz for the large and small packet sizes, respectively. The
spectral efficiency gain is due in part to freed up resources
that would otherwise be allocated to the pilot symbols and in
part due to better channel estimation performance of the blind
approach.

V. CONCLUSION

In this paper, we studied the feasibility of employing blind
channel estimation in the context of two-hop full-duplex
relaying. The evaluation was performed for both DL and
UL directions as well as for large and small transmission
packet sizes. Analytical performance bounds were derived for

blind channel estimation and compared with those of a pilot-
based approach, where 20% pilot allocation was assumed.
Performance metrics such as NMSE and BER were measured
via link simulation under frequency-selective fading conditions
and compared for the two channel estimation techniques. The
spectral efficiency based on the measured post-equalization
SINR was also compared. Both analytical and simulated
results indicate that blind estimation outperforms the pilot-
based approach. The BER performance gain was especially
significant for the smaller packet size, where the number
of pilot symbols was insufficient for obtaining a reliable
estimate. The CRLB expression predicted that blind estimation
performance at the destination node is independent of the
SINR level at the relay receiver, i.e., noise and self-interference
introduced at the relay are as useful for blind estimation as
the signal of interest as long as all of these components pass
through the same channel. This prediction was confirmed via
simulation, where measured channel estimation NMSE was
flat across a wide range of SNR levels at the relay receiver.

Furthermore, the analytical expression for post-equalization
SINR at the destination node was derived. A modification to
this expression was proposed, where the channel estimation
error is replaced by the inverse of the Fisher information
matrix. Such expression provides an purely analytical upper
bound for the post-equalization SINR by eliminating the need
for measurement of the channel estimation error. The post-
equalization SINR measured via simulation was compared to
this analytical bound.

Finally, the computational complexity of the two channel
estimation techniques was evaluated and compared. It was
found that computational complexity of the second-order-
statistic-based blind estimation is independent of the packet
size. This is not the case for the pilot-based estimation.
Compared to the pilot-based method, blind approach required
20% greater number of FLOPs for small packet size, but 98%
fewer FLOPs for the large packet size.

The proposed blind channel estimation approach was found
to be a viable option that can be used to further improve
the spectral efficiency of a FD relay system. In the future,
it would be beneficial to compare the two channel estima-
tion techniques in the context of the full-duplex relay link
employing OFDM. In such a system, the channel estimation
dynamic is changed due to the use of a cyclic prefix, which
significantly impacts the channel characteristics. Additionally,
it would be interesting to evaluate situations where the channel
identifiability conditions are not perfectly met, i.e., some sub-
channels having common or nearly common zeros.

APPENDIX A
SIMPLIFIED EQUIVALENT MODEL OF THE FD RELAY LINK

This section shows how we arrive at the simplified equiva-
lent model of the FD relay link that is considered in this paper.
The mixed-signal baseband equivalent model is depicted in
Fig. 7a. Significantly simplified corresponding discrete-time
model is then provided in 7b, where for simplicity, we focus
on a single sub-channel configuration (i.e., L = 1).
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(a) The continuous-time baseband system model

(b) The simplified equivalent model

Fig. 7. Simplification of the discrete-time system model (FD relay link with distributed equalization)

According to Fig. 7b, the signal at the relay receiver is
defined as,

Yr(z) = Hsr(z)Ss(z) +Wr(z) +Hrr(z)Sr(z). (32)

Similarly, the signal at the destination receiver is given by,

Yd(z) =Qd(z)Rd(z)Ȟrd(z)Tr(z)Sr(z)+Qd(z)Rd(z)W̌r(z)

=Hrd(z)Sr(z) +Wr(z). (33)

The equivalent system model reflecting the simplifications of
(32), (33) is shown in Fig. 7b. The signal at the relay output
(assuming no SI cancellation):

Sr(z) = Fr(z)Hsr(z)Ss(z)z
−p

+Hrr(z)Sr(z)z
−p + Fr(z)Wr(z)z

−p. (34)

Next, incorporating the SI cancellation,

Sr(z) = Fr(z)Hsr(z)Ss(z)z
−p +Hrr(z)Sr(z)z

−p

−Ĥrr(z)Sr(z)z
−p + Fr(z)Wr(z)z

−p. (35)

Rearranging the terms, we obtain IIR formulation,

Sr(z) =

[
Fr(z)Hsr(z)Ss(z) + Fr(z)Wr(z)

]
z−p

1−Hrr(z)z−p − Ĥrr(z)z−p

=
Fr(z)

[
Hsr(z)Ss(z) +Wr(z)

]
z−p

1− H̃rr(z)z−p
, (36)

where H̃rr(z) represents the error in SI channel estimation.
If this estimation error is sufficiently small, then according
to (36), the expression is transformed from IIR to FIR form.
Then, according to Fig. 7b, the expression for signal at the
destination receiver is

Yd(z) =
Hrd(z)

[
Hsr(z)Ss(z) +Wr(z)

]
z−p

1− H̃rr(z)z−p
+Wd(z). (37)

APPENDIX B
MMSE EQUALIZER FOR DESTINATION OF FD RELAY,

DISTRIBUTED CHANNEL EQUALIZATION

We start by defining the composite source-destination chan-
nel as, Hsd;n = Hrd;nFr;nHsr;n−p, and the effective
channel from the source of the self-interference at the relay
to the destination, Heff1;n = Hrd;nFr;nH̃rr;n−p. The
estimated effective and SI channels at time instance n are
then Ĥsd;n = Hsd;n + H̃sd;n, Ĥrr;n = Hrr;n + H̃rr;n.
Defining the estimation error matrices for effective source-
destination and SI channels as H̃sd;n and H̃rr;n, respectively,
the signal received at the destination is given by

yd;n = Hsd;nss;n−p + Hrd;nFr;nH̃rr;nsr;n−p

+Hrd;nFr;nwr;n−p+wd;n

= Hsd;nss;n−p+weff1;n, (38)

where

weff1;n = Hrd;nFr;nH̃rr;nsr;n−p

+Hrd;nFr;nwr;n−p + wd;n, (39)

and sr;n represents the vector of symbols transmitted by the
relay. Hence,

Cy;n=

=E
[
(Hsd;nss;n−p+weff1;n)

(
sHs;n−pH

H
sd;n+wH

eff1;n

)]
= Hsd;nH

H
sd;n + Cweff1;n

. (40)

The general expression (40) for the covariance matrix is the
same for both end-point and distributed configurations. Next,
we focus on the parts that are different.

The effective noise and interference covariance matrix,
Cweff1

, is defined in (43). Substituting (43) into (40) results in
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expression (44). We use the well-known expression for MMSE
estimator,

Fd;n = Csy;nC
−1
y;n, (41)

where assuming that Cs;n = E
[
ss;n−ps

H
s;n−p

]
= I,

Csy;n = E(ss;n−py
H
s;n)

= E
[
ss;n−p(s

H
s;n−pH

H
sd;n + wH

eff1;n)
]

= Cs;nH
H
sd;n = HH

sd;n. (42)

Substituting (40) and (42) into (41), results in the equalizer
expression (45). The channel equalization at the relay pro-
duces composite channel Fr;nHsr;n−p that is close to all-
pass channel not satisfying the identifiability condition for
the blind channel estimation method we have chosen. Using
the estimated RD channel, Ĥrd;n, in (45) instead of Hsd;n,
results in a sufficiently good performance as evident from the
simulation results.

APPENDIX C
MMSE EQUALIZER FOR DESTINATION OF FD RELAY,

END-POINT CHANNEL EQUALIZATION

According to Fig. 2, the end-point-configuration has no
equalizer, Fr;n, at the relay receiver. Hence, the equiva-
lent channel between the source and destination becomes,
Hsd;n = Hrd;nHsr;n−p, and the symbol vector received at
the destination becomes,

yd;n = Hsd;nss;n−p + Hrd;nH̃rr;nsr;n−p

+Hrd;nwr;n−p + wd;n

= Hsd;nss;n−p + weff2;n. (47)

where sr;n represents the vector of symbols transmitted by
the relay. Recalling that Csy;n =HH

sd;n, the equalizer at the
destination of end-point configuration is defined as,

Fd;n = Csy;nC
−1
y;n

≈ HH
sd;n

(
Hsd;nH

H
sd;n + Cweff2

;n

)−1

, (48)

where

Cweff2
;n≈
≈Hrd;nH̃rr;nHsr;n−2pH

H
sr;n−2pH̃

H
rr;nH

H
sr;n−p

+σ2
wr
Hrd;n

(
H̃rr;nH̃

H
rr;n+I

)
HH
rd;n+σ

2
wd
I. (49)

APPENDIX D
POST-EQUALIZATION SINR FOR FD RELAY LINK,

DISTRIBUTED EQUALIZATION AND BLIND CHANNEL
ESTIMATION:

In this derivation, we incorporate channel estimation error
into the definition of the symbol estimation error at the
destination. First, the post-equalization symbol error is defined
as, es = ss;n−Fd;nyd;n+F̃d;nyd;n, where Fd;n is the ideal
equalizer matrix, and F̃d;n = C̃sy;nC

−1
y;n = H̃H

rd;nC
−1
y;n.

Variance of es is provided in (50), where the approx-
imation of the channel estimation error covariance matrix
H̃rd;nH̃

H
rd;n by the Fisher Information Matrix J(ĥrd;n)

results in expression representing the lower bound on the
symbol estimation error variance. The advantage of this ap-
proach is that it provides purely analytical expression and
doesn’t need to rely on the simulation to determine the
channel estimation error covariance matrix. This results in
expression (51) for the upper bound on the post-equalization
SINR, where the covariance matrix, Cy;n, is defined in (52).
In the final step of (52), it was assumed that the term
Heff3;nFr;n−pH̃rr;n−pCsr;n−2pH̃

H
rr;n−pF

H
r;n−pH

H
eff3;n

is
sufficiently small to be neglected.

APPENDIX E
CRLB FOR BLIND ESTIMATION OF EFFECTIVE CHANNEL AT

THE DESTINATION

The following derivation is applicable to both end-point
and distributed configurations, with system equations given
by (47) and (38), respectively. In both cases, yd;n ∼
CN (Hsd;nss;n−p,Cweff ;n), defined in (53), where θn =[
sTs;n hTsd;n

]T
, is [(A + M + 1) × 1] joint parameter of

interest vector. The noise and interference covariance matrix,
Cweff ;n, for distributed configuration is given by (43). Also,
the effective channel Hsd;n, between the source and destina-
tion is defined as Hsd;n = Hrd;nFr;nHsr;n−p. The Fisher
Information Matrix (FIM) is given by

J(θ) = E

[(
∂ ln p(yd;n; θ)

∂θ∗

)(
∂ ln p(yd;n; θ)

∂θ∗

)H]
, (58)

and according to [11], the elements of J(θ) are defined in
(54), where in our case, µy = Ss;nhsd;n, and the last two
terms are zeros. According to (3)-(4), the expension of the
term Ss;nhsd;n is given by (55). Hence,

∂Ss;nhsd
∂θn[i]

=

{
h
(i)
sd , if 0 ≤ i < A

s
(i−A)
s , if A ≤ i ≤ A+M

(59)

and ∂Ss;nh
∂θn

=
[
Hsd;n Ss;n

]
. Hence,

J(θn) =

[
HH
sd;n

SHs;n

]
C−1
weff ;n

[
Hsd;n Ss;n

]
=

[
HH
sd;nC

−1
weff ;n

Hsd;n HH
sd;nC

−1
weff ;n

Ss;n
SHs;nC

−1
weff ;n

Hsd;n SHs;nC
−1
weff ;n

Ss;n

]
,

and
CRLB(θn) = J−1(θn) =

[
B11 B12

B21 B22

]
, (60)

where B22 is the partition of the joint CRLB matrix cor-
responding to the CRLB(h), which can be computed using
(56), which is based on partitioned matrix inversion lemma.
If instead of hsd, the estimation of hrd at the destination is
of interest, then expression (56) turns into (57), where Sr;n
represents the signal transmitted by the relay,

Sr;n=Fr;nHsr;nSs;n+Fr;nH̃rr;nSr;n−p+Fr;nwr;n, (61)

and Cweff
= σ2

wd
I. In (61), the noise and residual SI at the

relay are included in the signal transmitted by the relay and are
not part of the noise covariance matrix. Because these signals
pass through the RD channel, they carry information about
this channel.
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Cweff1
= E

[
weff1;nw

H
eff1;n

]
= Heff1;nFr;n−pHsr;n−2pH

H
sr;n−2pF

H
r;n−pH

H
eff1;n

+Heff1;nFr;n−pH̃rr;n−pRsr;n−2pH̃
H
rr;n−pF

H
r;n−pH

H
eff1;n

+σ2
wr

(
Heff1;nFr;n−pF

H
r;n−pH

H
eff1;n + Hrd;nFr;nF

H
r;nH

H
rd;n

)
+ σ2

wd
I

≈ Heff1;nFr;n−pHsr;n−2pH
H
sr;n−2pF

H
r;n−pH

H
eff1;n

+σ2
wr

Hrd;nFr;n
(
H̃rr;nH̃

H
rr;n + I

)
FHr;nH

H
rd;n + σ2

wd
I. (43)

Cy;n ≈ Hsd;nH
H
sd;n + Heff1;nFr;n−pHsr;n−2pH

H
sr;n−2pF

H
r;n−pH

H
eff1;n

+σ2
wr

Hrd;nFr;n
(
H̃rr;nH̃

H
rr;n + I

)
FHr;nH

H
rd;n + σ2

wd
I. (44)

Fd;n = Csy;nC
−1
y;n = HH

sd;nC
−1
y;n ≈ HH

rd;nC
−1
y;n

= HH
rd;n

(
Hsd;nH

H
sd;n + Cweff1

)−1

≈ HH
rd;n

(
Hrd;nH

H
rd;n + Cweff1

)−1

. (45)

Cweff1
≈ Heff1;nFr;n−pHsr;n−2pH

H
sr;n−2pF

H
r;n−pH

H
eff1;n

+
1

SNRr
Hrd;nFr;n

(
H̃rr;nH̃

H
rr;n + I

)
FHr;nH

H
rd;n +

1

SNRd
I

)−1

. (46)

σ2
e =

1

N
tr
{
E
[
(ss;n − Fd;nyd;n + F̃d;nyd;n)(ss;n − Fd;nyd;n + F̃d;nyd;n)H

]}
= 1 +

1

N
tr
{
H̃rd;nH̃

H
rd;nC

−1
y;n

}
− 1

N
tr
{
Hrd;nH

H
rd;nC

−1
y;n

}
≥ 1 +

1

N
tr
{
J−1(hrd;n)C−1

y;n

}
− 1

N
tr
{
Hrd;nH

H
rd;nC

−1
y;n

}
, (50)

SINRdistributed =
1

σ2
e

− 1 ≤ 1

1 + 1
N tr
{
J−1(hrd;n)C−1

y;n

}
− 1

N tr
{
Hrd;nHH

rd;nC
−1
y;n

} − 1, (51)

Cy;n = Hsd;nH
H
sd;n + Hsd;nFr,n−pHsr;n−2pH

H
sr;n−2pF

H
r;n−pH

H
eff3;n

+Heff3;nFr;n−pH̃rr;n−pRsr;n−2pH̃
H
rr;n−pF

H
r;n−pH

H
eff3;n

+
1

SNRr

(
Heff3;nFr;n−pF

H
r;n−pH

H
eff3;n + Hrd;nFr;nF

H
r;nH

H
rd;n

)
+

1

SNRd
I

≈ Hsd;nH
H
sd;n + Heff3;nFr;n−pHsr;n−2pH

H
sr;n−2pF

H
r;n−pH
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eff3;n

+
1

SNRr

(
Heff3;nFr;n−pF
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H
eff3;n+ Hrd;nFr;nF

H
r;nH

H
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)
+

1

SNRd
I. (52)
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f(yd;n; θn) =
1

πNdet
[
Cweff ;n

] exp
{
−(yd;n−Hsd;nss;n−p)

HC−1
weff ;n

(yd;n−Hsd;nss;n−p)
}

(53)

[J(θn)]i,j =

(
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∂θn[i]

)H
C−1
weff ;n
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∂θn[j]

+

(
∂µy
∂θ∗n[j]

)H
C−1
weff ;n

∂µy
∂θ∗n[i]

+tr

(
∂Cweff ;n

∂θ∗n
C−1
weff ;n

∂Cweff ;n

∂θn
C−1
weff ;n

)
(54)

Ss;nhsd;n =


ss[n]hsd[0]
ss[n+1]hsd[0] + ss[n]hsd[1]
ss[n+2]hsd[0] + ss[n+1]hsd[1] + ss[n]hsd[2]
...
ss[n+A−1]hsd[0] + ss[n+A−2]hsd[1] + ...+ ss[n+A−M−1]hsd[M ]

 (55)

CRLB(hsd;n) = B22 =

[
SHs;n

(
C−1
weff
−C−1

weff
Hsd;n

(
HH
sd;nC

−1
weff

Hsd;n

)−1

HH
sd;nC

−1
weff

)
Ss;n

]−1

(56)

CRLB(hrd;n) =

[
SHr;n

(
C−1
weff
−C−1

weff
Hrd;n

(
HH
rd;nC

−1
weff

Hrd;n

)−1

HH
rd;nC

−1
weff

)
Sr;n

]−1

(57)
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